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Abstract

This paper considers a finite-sized two-leg ladder of spin-1/2 particles with local inter-chain
Ising interaction. We include the effects of an external magnetic field by incorporating a
Zeeman-type coupling between the magnetic field and the spins localized on the lattice sites.
To analyze the system, we utilize the transfer-matrix formalism to calculate the partition
function. We compute the magnetization for different configurations by varying the system's
parameters. We observe the presence 3of spontaneous magnetization within the system. As
the inter-chain Ising interaction changes its sign, the magnetization value changes from
negative to positive values. Furthermore, we identify a phase transition from diamagnetic to
ferromagnetic states when examining the temperature dependence of the magnetization at
zero magnetic fields. We observe a step-like behavior in the magnetization curve in the low
temperature limit.
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1. Introduction

Understanding spin arrangements, spontaneous magnetization and their implementation in
guasi-two-dimensional (2D) materials is important in terms of fundamental physics and
technological applications [1-3]. The Ising model was useful for representing the main features of
many individual systems. Lentz proposed it and solved exactly by Ising in 1925 [4]. In 1944, Lars
Onsager obtained the analytical solution of the Ising model on the square lattice in the absence of
the external field and by considering the nearest neighbor interactions on the lattice [5].
Furthermore, in 1950, Yang checked out Onsager's result for spontaneous magnetization and
obtained the critical exponents [6]. Although the solution of the Ising model in three dimensions
does not exist, one can use the Peierls argument to prove the existence of spontaneous
magnetization at a sufficiently low-temperature limit [7]. It has been demonstrated that, for a quasi-
two-dimensional lattice, spontaneous magnetization is equivalent to the long-range order in the
system [8, 9], which proved the theory of Onsager and Yang. A rigorous proof of the spontaneous
magnetization in the Ising model at finite temperatures is given in [10]. The classical Peierls
argument was used for the two-dimensional lattice defined by the Sierpinski carpet fractal.
Moreover, the exact result obtained there, proves the existence of spontaneous magnetization in
the structures with dimensions smaller than 2.

Two-channel Ising ladders, with the inter-chain Ising interaction, were considered many years
ago by R. Medjani et al. [11-13]. Nevertheless, the considered model refers only to the symmetric
spin system with equal intra-chain Ising couplings in both spin chains. Spin-ladder systems got
particular attention from the point of view of their experimental applicability and realization. If the
inter-chain coupling is antiferromagnetic, then these models are considered high T, materials
models [14, 15]. As intermediate systems between one-dimensional and two-dimensional spin
systems, the spin ladders have a diverse range and interesting quantum magnetic effects at low
temperatures [16-18]. A comprehensive review of the recent advances in the thermal and magnetic
properties of spin-ladder models is given in Ref. [19] regarding their applicability to the physics
ladder compounds with strong coupling chains.

This paper considers a two-leg spin-1/2 ladder consisting of two chains £ = a, b. The inter-chain
Ising interaction is included in the calculations. By using the standard transfer-T matrix formalism,
we calculate the partition function of the system. The magnetization function per-spin and per-chain
was calculated from the expression of the Gibbs free energy of the system. We prove the existence
of the critical value of the Ising interaction energy above which spontaneous magnetization appears
in the system. Particularly, for the ferromagnetic Ising exchanges in the chains (F/F configuration),
and in the low-temperature limit, the magnetization function changes drastically from 0 to 1 at
some negative critical value of the inter-chains Ising coupling energy L.. Moreover, for the case of
the antiferromagnetic spin-exchange in one of the chains (F/AF configuration), the magnetization
function behaves like a step-function, when varying the inter-chain Ising interaction parameter from
negative to positive values. We calculate the temperature dependence of spontaneous
magnetization in the system for different values of the Ising coupling parameter J,/J;. We have
shown that for the values J, /J; < 1 the spontaneous magnetization takes the negative values, while,
for J,/J;1 > 1 the magnetization function is positive. For the symmetric case, i.e., when J; = J,,
spontaneous magnetization is absent in the system. Moreover, we obtain an unusual behavior of
spontaneous magnetization as a function of the Ising interaction parameter J,/J;.
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The present paper is organized as follows: in Section 2 we introduce the Hamiltonian for the two-
leg Ising ladder and we calculate the partition function by using T-matrix formalism. In Section 3,
we numerically the magnetization in the system and iscuss the obtained results. In Section 4, we
give a short conclusion to our paper.

2. Two-leg Spin System

The Hamiltonian of our model of the magnetic spin ladder, composed of two legs, each with N
lattice sites, could be written in the following form

N N N
R=fiy. ofofu=lry. ololu—1Y. ofol—uHY of =iy of, ()
i= 1= 1=

where g; are the spin variables with the values g; = +1 at individual lattice sites positions i, /; and
J, are the two-body spin Ising interactions in the chains with £ = a for the leg a, and £ = b for the
leg b. I, in Eqg.(1), is Ising coupling energy between the chains and H is the uniform external
magnetic field which acts to the local spins on the chains. The schematic representation of the
model, discussed here, is presented in Figure 1.

I>0 ferromagnetic Ising interaction
I < 0 antiferromagnetic Ising interaction

;‘P ERE ,,

1| 2 ! i 0; | Oi+1 oN! %
: } i | ai ai ]
107, gy i o Oi+1 oN:

"LL# -

Ismg spins: a;* ,0 =x1, Hyye = IZL Lo (T

Figure 1 The schematic representation of two-leg spin systems with inter-chain Ising
interaction I. The intra-chain Ising exchange energies J;and J, are shown in the picture.
The sign of the Ising interaction I determines the nature of exchange correlations
between the chains. Particularly, the case I > 0 corresponds to the ferromagnetic Ising-
exchange between the chains, while the case I <0 corresponds to the
antiferromagnetic Ising interaction between the chains.

The partition function of the system is given as
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The constituents of the Hamiltonian in the exponent, in Eq.(2), concerning the interaction parts
in Eq.(1), were written in more symmetric forms by taking into account the periodic boundary
conditions on spin variables in both chains £ =a,b, i.e., ale =af=N+1. The renormalized
interaction coefficients are K; = J,/kgT, K, = J,/kgT, L = 1/kgT and h = ugH/kgT. We have
introduced on the right-hand side, in Eq.(2), the transfer T-matrix of the problem, which has the

following form

N
T (0 O-H-IJ O-bo-ll?l—l = eXp[Kl Z 1O-iao-icg-1 +K; Z G O-l+1 + LZ
i= i=

h N a a h N b b
MG ORI C ! ©)

Then, we calculate each element of the transfer-T' matrix, for 16 different configurations of spins
on the nearest neighbors' lattice sites on different chains. We have

T (O-ia = 1, 0'1":_1 = 1) T (O-ia = 1, O'L'Cfl_l = _1)

. K } A
T(of!=-1L0%1=1) T(of=-105=-1) )

T(O- O'H_l,O' O-l+1)|{01—+1} l

where each component of the matrix, in Eq.(4), is a 2 X 2 matrix. We have for each element, in Eq.

(4)

P =[N e ©)
e R Wl A | ©
GBS i @
R A ®

Thus, total T-matrix, in Eq.(4), could be rewritten in the following 4 X 4 form

e(K1+K2+L+2h) e(Kl_K2+h) e(—K1+K2+h) e(—Kl—K2+L)

~ e (K1—Kz+h) e(Ki+Ka+L)  5(=Ki1=-Kp—L)  ,(=Ki+Kp—h)

T (of0fs1,0/ 001 ) lfoi=41) = o CKitKo+h)  p(-Ki—Kp-L) Ua+Kp=L)  o(Kyi—Kp=h) | )
o (-Ki—K2#L)  o(=Ki+Kp—h) ,(K1=Kp=h) o (Ki+Kp+L—2h)
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Next, we use the expression of the partition function in Eq.(2) to calculate the Gibbs free energy
per-spin. For our system composed of N interacting spins on the spin-chains, we have

_kgT
f(T,H) = = lim ——InZy(T, H). (10)

Next, we diagonalize the matrix in Eq.(9), and we write the partition function as a sum of its
diagonal elements, i.e., the proper values of the matrix TV

Zy(T,H) = =Sp[TV] =AY + Y + AY + 2. (11)
Furthermore, the magnetization per-spin is given, as

of (T, H)

m(T,H) = — 3

(12)

In the next Section, we calculate, numerically, the Gibbs free energy in Eq.(10) and the
magnetization function in Eq.(12) for finite-sized chains. We will consider different spin orientations
in the chains and between the chains. There, we give a formula for the magnetization function,
which shows the non-conventional step-like behavior, in the particular case of the
Ferromagnetic/Antiferromagnetic (F/AF) Ising exchanges of spins in the chains.

Throughout the paper, we will use the units /; = 1.0 for the energy parameters in the system,
and ug = 1.0 for the magnetization function.

3. Normalized Magnetization Per-Spin, Per-Chain

The numerical calculations presented hereafter concern the magnetization of the system
normalized by the number of chains, i.e., m = M /2, where m is the magnetization per chain. Our
numerical evaluations have been done for several lattice sites equal to N = 102, at each chain. In
Figure 2, we have presented the temperature dependence of Gibbs free energy of the system for
different values of the external magnetic field. The magnetic field's influence is apparent in the
ferromagnetic exchange between spins in different chains with the Ising interaction energy L/J; =
1.0). In the case of the antiferromagnetic Ising interaction with L/J; = —1.0 (see Figure 2b), the
Gibbs free energy is lowered at the high magnetic field ugH/J, = 2.0 (see the green curve, in Figure
2b). In Figure 3, the normalized magnetization curves have been presented as a function of
temperature for the same values (see Figure 3a and Figure 3b) of the Ising interaction parameter
L/J,, as in Figure 2. We see, in Figure 3, that the behavior of the magnetization function is
completely different for different signs of the inter-chain Ising interaction parameter L//;. In the
case of the ferromagnetic exchange (see the curve in Figure 3a) with L/J; = 1.0 and non-zero
magnetic fields, the temperature dependence of the magnetization is very similar to the usual
results in 1D Ising chains. In contrast, at the zero magnetic field limit, we get the spontaneous
magnetization of the system, which is absent in the traditional one-chain Ising model. Furthermore,
in Figure 3b, we show the results for the antiferromagnetic exchange between the chains with
L/]; = —1.0. We observe that there is a large temperature region where the magnetization
increases with the temperature, attaining its maximal values at certain critical temperatures, after
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which the magnetization function decreases with temperature, showing the usual behavior of the

1D Ising chain.
0-1 T 0 T T T
Sl =0.5 Jof =05
F/F LiJ;=1.0 F/F LiJ=-1.0
-2
o upH/=0 J| [eeeesee
# ,UBH,IJ]:O5
voupH=10l STy
“ ,uHI ]/.]1:2.0 ;:
_6. _6
m“mm... * IJSH/’J| =0.5
ooy, n upH/AJ =10 .,
—8t(a) .."u., : -8 (b) * ppH/J,=2.0 )
0 | 2 3 4 5 0 1 2 3 4 5
T}J; T)J;

Figure 2 Gibbs free energy of the spin system composed of two chains, as a function of
temperature. The following values of the lIsing interaction parameters have been
employed: J,/J; = 0.5, L/]; = 1.0 (see in panel (a)) and J,/J; = 0.5, L/]; = —1.0 (see
in panel (b)). Different values (from zero up to very high) of the external magnetic field

have been considered.
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Figure 3 The magnetization of the system as a function of temperature, for different
values of the external magnetic field. The ferromagnetic (F) (see in panel (a)) and
antiferromagnetic (AF) (see in panel (b)) spin-exchanges between different chains have
been considered during calculations.

We see that the values of those critical temperatures vary slightly with the change in the external
magnetic field. Particularly, the critical temperatures are decreasing when augmenting the values
of the magnetic field parameter ugH/J; . For non-zero magnetic fields, the numerical values of
those critical temperatures T /J;. could be approximated with the help of the following formula

Te/li=1 (13)

T WHID"
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where a is a numerical fitting parameter that satisfies the condition ¢ < 1. At ugH/J; = 0, we get
the negative spontaneous magnetization of the system. Thus the spontaneous magnetization is
nonzero and its sign is varied from positive to negative values when the sign of the inter-chain Ising
interaction L/J, changes from positive to negative, analogously (see the blue curves in Figure 3a
and 3b). We attribute the appearance of the non-zero spontaneous magnetization to the existence
of the inter-chain interaction parameter L and we have calculated, in Figure 4, the dependence of
the magnetization function on that parameter L, which changes from large negative to large
positive values (see in Figure 4a and Figure 4b). In Figure 4a, we have shown the results for the case
of the ferromagnetic-type intra-chain Ising couplings, i.e., with positive values of the parameters J;
and J,/J;. The temperature was fixed at the value T /J; = 1.0. We observe in Figure 4a, that there
exists a critical value for the parameter L/J; (L/]; = L¢/]1 ), situated in the region of the negative
values of L/J; starting from which the magnetization appears in the system, including the
spontaneous magnetization at ugH/J; = 0 (see the blue curves in Figure 4). The critical values
Lc/]; of the parameter L/]; vary with the change of the external magnetic field. They increase
when lowering the strength of the magnetic field. When augmenting the parameter L from the
value L-/J;, at the fixed value of the magnetic field parameter, the magnetization per chain
increases drastically and attains its maximal value equal to 1. This transition region, from 0 to 1 of
the magnetization function becomes very large for the case J; > 0 and J,/J; < 0 (see Figure 4b).
The case J,/J; < 0 corresponds to the case of the antiferromagnetic Ising interaction in the chain
with £ = 2. In this case, we observe also a smooth cascade-like structure of the magnetization
function. Also, the negative branches of the magnetization function are absent in this case J,/J; <
0, for both positive and negative values of the parameter L/]; (see Figure 4b). Meanwhile, the
spontaneous magnetization of the system has only one branch solution and changes its sign with
L/]J;, in complete agreement with the results in Figure 3.

1.0F 1.0f 1.
(a) upH/Jp = 0.5 (b)
0.8
ugH/J; = 1.0 upH/J;=2.0
0.51 peH[J;=2.0 upHjJ; =0 ] 0.6 upH|[J;= 0.5 |
F/F upH/J;=1.0
a 04 1
3. 3
g ¥ B usH/J; =0
0.2 1
,ugH,".fj=—0.
—0.5} __ 0.0
0.5 }ln”/’.]jf l. T/J] — ]‘0
upH/J;==2.0 —
j T 0.2 F/AF T/J;=1.0
—1.0t i 0.4
-4 -2 0 2 4 ' —4 -2 0 2 4
LIJ; LiJ;

Figure 4 The magnetization of the system as a function of the inter-chain Ising
interaction energy L, for different values of the external magnetic field. The Ising
exchanges of spins in the legs of the ladder are of type F/F (see in panel (a)) and F/AF
(see in panel (b)). The temperatureissetas T /J; = 1.0.
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Furthermore, within the parameter region J,/J; > 0 when temperature decreases down to
T /], = 0.5 (see the results in Figure 5), we observe an instant magnetization jump from 0-plateau
to the saturation magnetizationm = 1 at L/J; = L. /] (see in Figure 5a). Moreover, the cascade-
like behavior of the magnetization function becomes more apparent for the case J; > 0 and J,/J; <
0. In Figure 5, we observe that the amplitudes of the spontaneous magnetization in the system
drastically increase by lowering the temperature to the value T /J; = 0.5 (see blue curves plotted in
Figure 5a and Figure 5b).

1.0} () rTwww—wwwa 1.0 (b)
1 08 ,’J,!ngJf = 2.0

0.8¢ —— ugH/J;= 0.5 i usH/J;= 0.5
0.6 upHIJ; = 1.0 0.6} s ugH/[J; = 1.0 |
| g[Sy = 1. y
S'i 0.4} ustlJ1 = 2|0 wgH/J1= 0 ] § 0.4}
F3 ~
S 0.2 | & 02
0 mem 0.0
JofJr =05 -0.2
-02t| F/F ]
04— / - | B -0.4¢
L/J; L,

Figure 5 The magnetization of the system as a function of the inter-chain Ising
interaction energy L/J;, for different values of the external magnetic field. The results
in panel (a) have been given for the ferromagnetic spin configurations in the chains (F/F).
In panel (b), we considered the F/AF-type of intra-chain spin configurations in the chains.
The temperature is set as T/J; = 0.5.

From the results, obtained in Figure 5, we can conclude that the two-leg spin system behaves
like a two-level model with the magnetization equal tom = 0, for L/]; < L:/J; and m = 1.0, for

L/]y = L¢/]h, e,
m =mg6(L/], — Lc/]1) (14)

with m, = 1 and 6(x) being the Heaviside step function. We also observe that the critical values
L¢/]1, obtained for the inter-chain Ising interaction parameter, could be approximated with the
help of the formula

_.UBH
2],

Le = (15)

at ugH/J; # 0.Indeed, the critical values of the inter-chain Ising interaction appear only at the low-
temperature regime (0 < T/J; < 0.5), and the magnetization function jumps from zero to the
finite values (see Figure 5a), while for high temperatures the curves get smoothened. Their is no
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sense to speak about critical values. In the interval 0 < T/J; < 0.5, the critical values L. remain
unchanged.

Furthermore, in Figure 6, we give the results for the magnetization function at the relatively low-
temperature case with T /J; = 0.1 and for different values of the magnetic field parameter ugH/J;.
The Ising couplings in the chains have been fixed at the values J; = 1.0 and J,/J; = —0.5,
corresponding to the case of the ferromagnetic and antiferromagnetic exchanges in the chains with
£ =1and? = 2, respectively. We obtain the step-like multilevel behavior of the magnetization
function

mos0(L/]1 — Li/]1), if L/J;€(0,L/]1)

m={mys+mys0(L/]; — Lz/J1), if L/],€(0,Ly/]1) (16)
myo+mos0(L/]; — L3/]1), if L/ > L3/}
1.5

,[l,lg[[/.];: 1.0

1.0} \,\

: H/J;=0.5
usHI=2.0 | usH i
.

34
0.5t 1
;: psH /=0
0.0
F/AF
—-0.5} T/J;=0.1
4 2 0 2 4

LlJ;

Figure 6 The magnetization of the system as a function of the inter-chain lIsing
interaction energy L/J;, for different values of the external magnetic field. The results
are given for the F/AF-type spin configuration in the magnetic chains. The temperature
issetasT/J; = 1.0.

Here, mys = 0.5.

Where my s = 0.5, and m; = 1.0. Such a step-like behavior of the magnetization function has
been observed in Ref. [20], in the strong antiferromagnetic rung coupling regime, where the
saturation magnetization plateau has been observed by using the Thermodynamic Bethe Ansatz
approach.

In Figure 7 and Figure 8, we have shown the field dependence of the magnetization function for
different values of the inter-chain Ising interaction parameter L/J;. The behavior of curves is
practically the same as in the case of the 1D Ising model, except the case corresponding to the
negative value of the inter-chain interaction energy, i.e., L/J; = —1.0 (see red curves in Figure 7
and Figure 8). Particularly, for the magnetic field smaller than the saturation field, the magnetization,
at the given value of the magnetic field ugH/J; = ugHy/4, is larger for the case of ferromagnetic
inter-chain interaction (see black curves in Figure 7, when L/J; = 1.0). We also observe that for the
case J,/J]; = —0.5 (see in Figure 7b, and Figure 8b) there exists a negative spontaneous
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magnetization at zero value of the magnetic field, for L /J; = —1.0 (see red curves in Figure 7b, and
Figure 8b).
1.0F 1.0F
(a) (b)
e [/J; =10 e [/J;=10
031, L/J;==1.0 031, L/J;=—1.0
X q
N T o f
F/F F/AF
Jold1=0.5 ol d1==0.5
-0.5} TI=1.0 -0.5¢ T/J;=1.0
-1.0 -1.0
-4 -2 0 2 4 -4 -2 0 2 4
ApH [T ApH [T

Figure 7 The field dependence of the magnetization in the system, for two different
values of the inter-chain Ising interaction parameter L/J; In panel (a), we considered
ferromagnetic Ising couplings F/F in the chains. In panel (b), spins interact
ferromagnetically in the chain with £ = 1 and antiferromagnetically in the chain with
¢ = 2. The temperature issetas T/J; = 1.0.

1.0f 1.0f
(a) (b)
|® L/J1=1.0 |® L/J1=1.0
0.5 0L/ =—1.0 0.5 W L/J==1.0
3 [
[
% 0.0 0.0f d
F/F F/AF
ol =0.5 JolJy=-0.5
-0.5 T)J=2.0 I ] =0.5¢ TIJ;=2.0
-1.0 ] -1.0
-4 -2 0 2 4 -4 =2 0 2 4
#H|J #H|J

Figure 8 The field dependence of the magnetization in the system, for two different
values of the inter-chain Ising interaction parameter L//;. In panel (a), we considered
ferromagnetic Ising couplings F/F in the magnetic chains. In panel (b), spins interact
ferromagnetically in the chain with £ = 1 and antiferromagnetically in the chain with
¢ = 2. The temperature issetas T/J; = 2.0.

The curves of the magnetization function, for the case J,/J; > 0 (see in Figure 7a) and Figure 8a,
are symmetric concerning the magnetic field axis with a reflection to the negative values of the
normalized magnetic field parameter ugH/J; . This is true for both ferromagnetic and
antiferromagnetic Ising interactions between ladders. Meanwhile, this symmetry gets destroyed
when J,/J; < 0, and a finite magnetization appears at ugH/J; = 0. The reason is related to the
strong antiferromagnetic fluctuations in this last case. It is worth mentioning here that the behavior
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of the magnetization function in the case of the antiferromagnetic Ising interaction between the
chains, given in Figure 73, (see the red curve on the picture) corresponds well to the behavior of the
magnetization for the strong coupling ladder compound (5/AP),CuBr, - 2H,0, and discussed in
Refs. [19] and [21].

In Figure 9, we have shown the temperature dependence of the spontaneous magnetization in
the system (ugH/J; = 0) for different positive values of the Ising coupling parameter J,/J; in the
chain with £ = 2. The magnetic field is set at zero and the Ising coupling parameter J; was fixed at
the value J; = 1.0. We considered the antiferromagnetic exchange between the chains with the
inter-chain interaction energy L/J; = —1.0. This corresponds to the antiparallel orientations of
spins between the chains. We see in Figure 9a and Figure 9b that when J,/J; < 1, the spontaneous
magnetization of the system is negative. For J,/J; = 1.0, which corresponds to the symmetric case
J1 = J, we have m = 0 (this is not shown in the picture). Thus, for the symmetric coupling in the
chains, i.e., when J; = J,, the spontaneous magnetization is absent; nevertheless, the inter-chain
interaction is not zero (this result is equivalent to the usual 1D Ising model). For the values J,/J; >
1.0, the spontaneous magnetization becomes positive. Moreover, we observe in Figure 9 that the
magnetization continuously increases upon increasing the interaction ratio J, /J;, from J, /J; = 0 to
the value J,/J; = 2.0. The negative values of the magnetization function in Figure 9a could be
explained as the states of possible diamagnetism in the two-leg system (m/up < 0). When m/ug =
0, at J; = J,, the system is nonmagnetic. Thus it is in the insulating regime, and when J,/J; > 0, the
system has positive magnetization, thus by representing a ferromagnetic state. Therefore, we can
conclude that the relative values and signs of Ising exchange parameters J; and J, determine
different possible phases in the two-leg system considered here. That exceptional behavior could
be extremely important for such two-ladder constructions’ experimental setups and technological
applications.

0.00
-0.02}
—-0.04¢
—-0.06f

L] Jg/.f[:f.Z LiJy=—1.0
H/[J=0
llo J1o/J,=1.5 ApH|J;

« Jo)J;=2.0

#pH [T =0

) F/F
LiJ==1.0
/J) i

s

m/ up

—-0.08}
0.04¢
—0.10¢ x JofJ;=0.0
—0.12¢ L4 Jg/J;ZO.j 0.02}
F/F nJ/J; =08
~0.14} (a)
o 1 2 3 4 5 YT T3 s

T/JI T/J;

Figure 9 The normalized spontaneous magnetization of the system as a function of
temperature, for different values of the exchange energy parameter J,/J;. We have
considered the antiferromagnetic Ising interaction between the chains with the
interaction parameter L/J; = —1.0, and the spins interact ferromagnetically in the
chain with £ = 1.

In Figure 10, the field dependence of Gibbs free energy function is presented, for different values
of the inter-chain Ising interaction parameter L/J; and different values of the parameter J,//;. A
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sufficiently low-temperature limit is considered with T /J; = 0.2. We see, in Figure 10, that, for the
case of F/F spin junction and for L/J; = —1.0, a region of constant-energy plateau appears for a
large interval of variation of the magnetic field parameter B. Particularly, f/J; = —2.5for H €
[—1.0, 1.0] (see the red curve, in Figure 10a). In Figure 11, the spontaneous magnetization is shown
as a function of the Ising coupling parameter J,/J; for two different values of the Ising interaction
energy L/];. The temperature was fixed at the value T /J; = 1.0.

8L =—1.0
(] L,f.],r:fﬂ

" L/J,=—1.0
o L/J;=1.0

(35

F/AF

wpH [T wpH|J;

Figure 10 The field-dependence of Gibbs free energy, for different values of the inter-
chain Ising interaction parameter L//;. In panel (a), we considered the positive values
of the interaction parameters J; and J,/J;, which corresponds to the ferromagnetic
orientations of spin in the chains. In panel (b), the spins interact ferromagnetically in the
chain with £ = 1 and antiferromagnetically, in the chain with £ = 2. The temperature is
setasT/J, = 0.2.

0.4
0.4_,]1:71.0, ,HBH/J|:0 'fL;J]:] 0 0 2 F/AF .ll,f“\l.lll F/F
|T/J|=1.0 N . :I..' :
0.2 : A R
Sy 3 A
X o0 < Sy w
\ III . L]
s k! T 02 W
—0.2p | AF/AF “ |AF/F JnH T, =0 | J=10 |
. T/J1=1.0 .
4 R L LI =1.0
@ N (b) —
Jo/l /1| Jo s

Figure 11 The normalized spontaneous magnetization of the system as a function of
Ising coupling energy parameter J,//,. Two different values of the exchange parameter
L/]1, were considered. In panel (a), we examined the antiferromagnetic Ising exchange
of spinsin the leg with £ = 1 and the parameter J; is set at the value J; = —1.0. In panel
(b), the ferromagnetic spin-exchange was considered in the leg with £ = 1, and the
parameter J; is set at the value J; = 1.0. The temperature issetas T /J; = 1.0.
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Moreover, in Figure 11a, we have fixed the parameter J; at the value J; = —1.0. Thus, when
J2/1J1] < 0, we have the region of antiferromagnetically ordered spins in both chains (this is the
region AF/AF) and the spontaneous magnetization is zero. Thus the spin ladder system is in the
insulating regime. In the semi-plane with J,/|J;| > 0, we have antiferromagnetic spin ordering in
the chain with £ = a, and ferromagnetic spin ordering in the chain with £ = b. This region is
represented as AF/F, in Figure 11a. We get nearly symmetric behavior of the magnetization function,
with respect to the J,/J;-axis. The reason for this antisymmetric is described by the change of the
sign of the inter-chain Ising interaction parameter L/J;, namely, when L/J; < 0 we have the spin
ladder system in the diamagnetic state with m/up < 0. In Figure 11b, we considered the
ferromagnetic spin-exchange in the chain with £ = 1.

In the region J,/J; < 0, we have the ferromagnetic Ising exchange in the chain £ =1 and
antiferromagnetic Ising exchange in the chain £ = 2. This region is represented as F/AF, in Figure
11b. In the semi-plane with J, /J; > 0 we have the ferromagnetic Ising exchange in both chains and
this region is represented as F/F in Figure 11b. For ferromagnetic case J; > 0, the spontaneous
magnetization is nonzero in the regions J,/J; < 0 and J,/J; > 0, which is in contrast to the
antiferromagnetic case J; < 0, considered in Figure 11a.

4. Concluding Remarks

In this paper, we considered, theoretically, the two-leg spin ladder with the local inter-chain Ising
interaction. The magnetic field is included in the calculations by coupling with the individual spin
variables. By employing the T —matrix approach, we calculated the Gibbs free energy of such a
system and the magnetization function for different values of the Ising terms in the chains and inter-
chains. The calculations show the appearance of spontaneous magnetization in the system for the
appropriate regime of the interaction parameters. For the ferromagnetic spin exchange in the legs
and the inter-chain Ising interaction, the magnetization shows the usual behavior as a function of
temperature, typical to the 1D Ising model. The differences appear in the case of the
antiferromagnetic inter-chain Ising interaction. In this case, we obtain a critical temperature T /J; ,
such that for T/J; < T;/]; the magnetization is zero and for T/J; > T¢/]; there is a non-zero
magnetization in the system. We have found the critical value L./J; of the inter-chain Ising
interaction parameter above which the magnetic phase transition appears in the system. We have
shown that in the low-temperature regimes, and for the F/F intra-chain spin-configuration, the
system is typical of two-level systems with m(L < L) = 0 and m(L > L) = 0. Meanwhile, for the
F/AF configuration of spins in the chains, the magnetization has a step-like cascade behavior as a
function of the inter-chain Ising interaction parameter L/J;. For the case of the antiferromagnetic
inter-chain interaction (L/J; < 0) and symmetric spin-arrangement in the chains, i.e., J; =/, > 0,
the magnetization of the system is zero, while for the case J; # J, the magnetization m(T) changes
its sign as a function of the interaction parameter J,/J;. Particularly, for the case, J; = 1.0 and
J»/]1 < 1.0 the magnetization is negative m(T) < 0, while, for J,/J; > 1.0, the spontaneous
magnetization takes the positive values m(T) > 0. Thus, depending on the value of the lIsing
coupling parameter in one of the chains (here, the parameter J,/J;), the phase transition occurs in
the system, from the diamagnetic to the ferromagnetic states.

The results obtained in the paper could be stimulating to consider the two-leg spin ladder as one
of the candidates for its applications as a quasi-two-dimensional model where spontaneous
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magnetization exists. Concerning the behavior of the magnetization function in the low-
temperature limit, the two-leg spin ladder could be regarded as a two-level system, which also
opens the possibilities for its use in the new quantum technologies and quantum information
theories.

Concerning the behavior of the magnetization function in the low-temperature limit, the two-leg
spin ladder could be considered as a two-level system, which also opens the possibilities for its use
in the new quantum technologies and quantum information theories.
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