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Abstract

Stable levitation of systems consisting of a magnetic source and a superconductor is actively
investigated due to the promising applications of this technology. While huge efforts have
been made for modeling these setups with numerical simulations, analytical models, in spite
of their use being limited to devices with a high degree of symmetry, can bring precious
information on certain characteristics of levitating systems. Summarizing our previous work
in the field, we present the mean-field model that we have proposed to reproduce the
interactions between a magnetic source and a superconductor. We show that the model
provides an estimation of the surface critical current density of the shielding currents flowing
in the superconductor and an estimation of the thickness, t, of the layer carrying the currents.
We emphasize that the calculated values of t are an increasing function of temperature, which
tend toward the Meissner limit at low temperatures. Finally, we determine the condition that
ensures stable levitation of axisymmetric systems.
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1. Introduction

Superconducting magnetic levitation (SML) involves the stable levitation of superconductor(s)
above a source of magnetic field. The most promising applications of this technology are the auto-
stabilized high-velocity rotating magnetic bearings with no mechanical contacts [1-4] on the one
hand, and magnetic levitating (MAGLEV) trains on the other hand [5-10]. The first MAGLEV train has
been running on a demonstration track at the Federal University of Rio de Janeiro in 2014 [11] (see
Figure 1). Recently, a MAGLEV train prototype designed for running at 620 km/h was demonstrated
in China [12].

Figure 1 SML MAGLEV prototype on the demonstration track built at the Federal
University of Rio de Janeiro.

The force of interaction between a levitating superconductor and the system generating the
magnetic field consists of the levitation force and the guidance or lateral force that secures the
stability of levitation. The lateral and levitation forces depend on the distance, Z,, between the field
source and the superconductor when the superconductor is cooled down in opposite ways: the
larger the value of Z, the larger is the levitation force and the lower is the restoring force [13]. In
some cases, there is a threshold for Z,, above which levitation is unstable [14]. To date, different
numerical and analytical approaches have been proposed for determining these forces. As in the
case of any electromagnetic setup, numerical simulations generally employ finite elements methods
(FEMs) for solving Maxwell’s differential equations. Superconductivity is accounted for by
introducing a so-called power law between the electric field, E, and the current density, J. This law
generally takes the form

E=e (L) @)

Cc

where Ec is usually the electric field criterion employed for defining the superconductor critical
current density, J., whereas the exponent n is proportional to the activation energy of vortex
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depinning. FEMs allows determiningfas well as the field, E, generated by the magnetic source
everywhere in the superconductor. The force of interaction with the magnetic system is written as

F= j J x Bdw @
v

where v is the superconductor volume. The capability of the FEMs to mesh complex shapes has
been exploited to simulate realistic SML systems (see [15-19] as examples). In contrast, analytical
models generally require a regular distribution of the applied field and are practical in their use for
simple superconductor shapes with a high level of symmetry only. However, they have the
advantage of representing physical laws that are not always obvious from the results of simulations.
The best-known analytical technique is the magnetic image model. When a superconductor is
cooled down below the temperature of transition to the superconductor state, T, the magnetic
moment of the magnetic source generates a “frozen” symmetrical image moment with respect to
the superconductor surface [20]. The normal component of the field created at the surface of the
superconductor by the frozen moment is equal to that generated by the magnetic source moment.
The total field at the surface of the superconductor must not change with the location or orientation
of the magnet, which allows determining the image moment at any position and the resulting
forces. An advantage of the magnetic images model is that, with suitable changes, it can account
for lateral displacements as well as vertical ones [21]. It allows the calculation of the forces and
torques between the superconductor and the magnetic source, even if their surfaces are not
parallel. Hence, considering the use of the magnet-superconductor interactions for the docking of
two spacecrafts, some researchers have modeled the process with this technique [22, 23]. However,
for obtaining accurate results, the magnetic source should be modeled not as a single magnetic
dipole but as a set of magnetic dipoles [24], which complicates the calculations.

In this article, we describe a simple mean field analytical model used for calculating the lateral
and levitation forces of SML systems and determining their stability condition. Section 2 describes
the procedures that have been used for measuring the levitation and lateral forces. The mean field
model and its application to the reproduction of the forces of interaction between the magnet and
the superconductor have been described in Section 3. The end of Section 3 is dedicated to a
discussion on the advantages and limitations of the model. Section 4 summarizes the most
important results obtained from this work.

2. Measurements

In this section, we describe the procedure used for measuring the levitation and the lateral forces
of the levitating system. For the sake of clarity, we describe the simplest system, which consists of
a bulk superconductor and a permanent magnet. Examples of the systems used in our laboratory
for measuring these forces are shown in Figure 2. For measurements at 77 K, the sample was kept
in an open cryostat filled with liquid nitrogen (left side of Figure 2), whereas for measurements
below 77 K, the superconductor was kept in a cryostat cooled down by a cryo-cooler (right side of
Figure 2). The measuring system included a 3-axes positioning system as well as vertical and lateral
force sensors. To carry out the measurements, firstly, the magnet was fixed to the positioning
system at a distance of Z,, from the superconductor. Then, the superconductor was cooled down
below its transition temperature. For measuring the levitation force, after temperature
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stabilization, the mobile magnet was moved vertically from Z., to Zmin, the smallest possible
separation between the magnet and the superconductor. At Znin, the motion of the magnet was
reversed, and the magnet was driven up to Z., or above (see Figure 3). The levitation force was
measured at each step of the process. For measuring the lateral force (see Figure 4), after
temperature stabilization at Z,, the magnet was driven to a distance of Z from the superconductor.
Then, it was moved parallel to the superconductor surface to Y1, where the direction of motion was
reversed, and the distance Y decreased to Y, before increasing to Y = 0. The lateral force was
recorded as a function of Y. The distances Z and Z;, were measured between the lower surface of
the mobile magnet and the upper surface of the superconductor. As examples, see Figure 5 and
Figure 6 that show the levitation and lateral force cycles measured on an MgB; cylinder with a
NdFeB magnet, respectively.

3-axes positioning system

Vertical force sensor

Lateral force sensor

cryostat

Figure 2 Cryostats and setups used for measuring the levitation and lateral forces at 77
K (left) and below 77 K (right).

1 B' Zep 2

FIELD COOLING AT Zp DOWNWARD MOTION UPWARD MOTION

Figure 3 Process of measuring the levitation force: (1) superconductor(s) field cooling at
a distance Z¢, from the mobile magnet, (2) downward motion of the mobile magnet to
a distance Zmin from the superconductor, (3) upward motion of the magnet to Z, or
above. In the figures, the superconductor is black, whereas the magnet is blue. The
vector, m, is the magnetization of the superconductor.
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Figure 4 Process of measuring the lateral force: (1) superconductor field cooling at a
distance Z¢, from the magnet, (2) vertical motion of the magnet to a distance Z from the
superconductor, (3) lateral motion of the magnet to a distance Y3, (4) lateral motion of
the magnet to a distance Y», (5) magnet motion to (0,2). In the figures, the magnet is
blue, and the superconductor is black.
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Figure 5 Levitation forces between an MgB; cylinder, with a diameter D = 59.6 mm and
thickness h =9.8 mm, and a 70 mm diameter and 30 mm thick NdFeB magnet at various
temperatures. The superconductor was cooled down at a distance of Z,, = 37 mm from
the magnet. The filled squares represent the measured values. The upper (lower)
continuous red line represents the results of the calculations reproducing these forces
during the downward (upward) motion of the magnet with Eq. (8) (Eq. (13)).
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Figure 6 Lateral force, F,, measured with the MgB, disc and the PM80 magnet at
different magnet-superconductor separations after cooling down the MgB, disc at Z,, =
30 mm. The open triangles denote the measurements, and the continuous red lines
denote the radial forces, F;, calculated with the model detailed in Section 3.3.

3. The Mean Field Model

In this section, we describe the physical bases of the model and then describe the calculations
done for determining the levitation and the lateral forces as well as their domain of validity. As
mentioned in the introduction, analytical models are practical in their use for simple
superconductor shapes and regular distribution of the applied field. Hence, in the following, we
consider only cylindrical superconductors and magnets with diameters D and Dpy and thicknesses
h and hpy, respectively.

3.1 The Physical Bases of the Model

During the field cooling process, as long as the sample is in the normal state, the applied magnetic
field penetrates the entire bulk. During the transition to the superconducting state at T, the
magnetic flux is channeled along the vortex lines, and the field vanishes elsewhere in the
superconductor. As detailed in [25], below T, for a constant applied field, the situation is frozen and
no shielding current flows in the superconductor, the magnetic moment of which is equal to zero.
Since the levitation force is due to the interaction of the shielding currents with the applied field,
there is no levitation force at the cooling point (see Eq. (2)). As the relative positions of the magnet
and of the superconductor change during the measurements, the field applied to the
superconductor is modulated. We assume that due to the presence of barriers hindering the entry
of vortices [26, 27], the modulation of the applied field results only in the generation of currents
shielding the magnetic field variations and, as a result, of the magnetic moment, . As suggested
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by Brandt [28], the magnetic images model [29, 30], and in our previous work [31], we write the
force exerted on 1 by the external field B as

P = [m- V|5 ®)

We now calculate the levitation and the lateral forces. The superconductors and the magnets
have been taken as cylinders for the sake of simplicity and the cylindrical coordinates, Z, r, and ¢,
have been used for the calculations. The origin of the axes is along the symmetry axis of the
superconductor at Z = 0. Otherwise, since the motion of the magnet during the measurement of the
lateral force is radial along the Y axis, the lateral forces, F,, calculated with the model must be
compared to the measured F,.

3.2 Calculation of the Levitation Force

Due to the symmetry of the system (see Figure 3), m is parallel to the disc axis, Oz, and we
consider only the vertical component, m,. Based on Eq. (3), we write the levitation force, F,, as

0B,

E(Z) = Moy

4)

where B, is the vertical component of the magnet field along the axis of the sample. However, the
field gradient generated by the magnet is nonuniform on the scale of the thickness of the bulk.

Consequently, % is replaced in Eq. (4) by its value averaged on the thickness, t, of the part of the

superconductor carrying the shielding currents:

( dZ (5)

9B, 1f 0B,
i

7' =), oz

The magnetic moment, m;, can be written according to the expression proposed by Brandt for
the magnetic moment of a disk in an axial field [32]. Since the shielding currents are due to the
modulation of the external field, here we consider that the field to be taken into account is the
difference between the fields at the locations Zand Z,. These fields are nonuniform in the bulk, and
in the framework of our mean-field approximations, we take their mean value calculated over the
thickness t. As the magnet goes down, the resulting magnetic moment is

2 1 sinh |iA]B‘;
m, = —§]CtR3 cos™t — (ZABa) — (ZOACBa) : (6)
HoJct Mot
where
DBy = (B,(2)) = (B,(Zcp)) (7)

where (BZ(ZCP)) and (B,(Z)) are the values of the vertical components of the fields applied along
the superconductor axis at the cooling point and at the distance Z, averaged over the thickness t.
Finally, the levitation force during the downward motion of the magnet takes the form
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oB,

@) =m, (o

) (8)

When the magnet motion is reversed at Zmi,, the shielding currents present in the
superconductor do not disappear. As a result, during the upward motion, the magnetic moment
comprises two components

2 1 sinh |%
—_ 3 -1 0Jc
Mpax = 3]ctR cos e (ZABmax) + — (ZABmax) 9
ﬂo]ct Mo]ct
and
_“ 3 -1 olc
e 3]CtR o cosh (ZABb) cosh? (ZAB”) (10
.uolct :uO]ct
where
ABpax = (Bz(Zmin)) - <Bz(Zcp)> (11)
and
AB), = (B,(Z)) — (B;(Zmin))- (12)

The moment, M,,,,, is generated by the currents that flow in the superconductor when the
motion of the magnet is reversed. Currents resulting in the moment, 1, flow in the sample to
compensate for the field variations between Zni» and Z. The currents creating the moments 71,4,
and m,, flow in opposite directions, suggesting that they are located in different parts of the
superconductors. While it is reasonable to suppose that the shielding currents flow in the part of
the superconductor of thickness, t, that is facing the magnet during its downward motion, we have
assumed that they flow in the areas shown in Figure 7 during the upward motion. As a consequence,
F, takes the form

(13)

0B,(Z +t) 0B,(Z)
oz | ™\ "z

E, = mmax<

for this part of the cycle. Otherwise, the measurements and calculations reported in [25, 33] result
int < 2 for all the investigated samples and we have no insights on the current distribution for t >
h . . . h

> As a consequence, the model is valid for force cycles that can be reproduced with t < Eonly.

Since previous measurements have shown that t increases with increasing temperature [33], this
constraint sets a high temperature limit for the model.
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Figure 7 Assumed locations of the currents in the superconductor (SC) generating the
moment 111, during the downward motion of the magnet (PM) (left) and the moments
m,, and M, 4, during the upward motion (right).

For the calculations, since the surface current density of the sample J;. = J .t is present in Egs.
(6), (9), and (10), we take this quantity and the thickness, t, as the fitting parameters to reproduce
the measurements with Egs. (8) and (13). Consequently, the fitting process gives J¢¢, t, and J.. Figure
5 shows the levitation forces between an MgB; cylinder, with a diameter D =59.6 mm and thickness
h = 9.8 mm, and a 70 mm diameter and 30 mm thick NdFeB magnet measured at various
temperatures. The superconductor was cooled down at a distance of Z,, = 37 mm from the magnet.
The continuous red lines show the results of the calculations carried out with Egs. (8) and (13) taking,
for Jscand t, the values indicated in each graph shown in Figure 5. The surface critical current density
increases from 35.1 K (Figure 6(a)) to 34 K (Figure 6(b)) and is almost constant at lower temperatures
(Figures 6(c) and 6(d)), similar to the trend exhibited by the levitation force. As expected, the
thickness t is an increasing function of the temperature.

3.3 Calculation of the Lateral Force and Determination of the Stability of the Levitating System

We consider only the superconducting cylinders with D > h. Consequently, a possible radial
component of 7 is much smaller than the vertical one, and we do not take it into account.
Otherwise, we take the sign of % near r = 0 as an indicator of stability. This quantity is positive for
two magnets with opposite magnetization and negative if the levitation is stable. Using Eq. (3), we

have

F=m (14
Since the magnetic field is generated by an external source, we have
- o B B
VXxB= 0 and aaZT:aa_rZ (15)
and F, can be written as
E. = mz%- (16)
or
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The magnetic moment, m,, takes the same form as in Eq. (6). However, since the system is not
axisymmetric for r # 0, we assume that

AB, = (B(0,Z.,)) — By(r,2) (17)
where
By(r,2) = M;’f) (18)
o

where ¢(r, Z) is the flux of the mean value on the thickness, t, of the field threading the disc when
the magnet is at the location (7, Z). There are various techniques permitting one to calculate this
guantity. As an example, in Appendix |, we describe the technique we have used for reproducing
the measurements reported in Figure 6 and Figure 8. Otherwise, the modulation of r results in that
of By (7, Z) only. Consequently, Frcan be written as

r =Mz (19)
15 U . . 15 . . L . . 15 g .
. PM45 = PM45 — ? g PM45
Z w0l . z=10.5 mm = 10> Z=45mm 1 Z 1wl Z=3.5mm
g \\{,\ Z,,=10.5mm 3 \4\\ Z,,=10.5mm w 5 o Zp=10.5mm
g st T~ (Bpy(0,Z,,))=0.321T %: 5 P (Bey(0,Z4)=0.321T] 2 5 © 5{Bpy(0.2,)=0.321T]
o 5 ps Y
L of o R 0 s 8 0 8 0 0
2 3 " 2
s 4 5 ~_° 1 I st
kol (@) =1 & 1 (b) ‘ E ol (C)
< 10} < -0 R £ 10t
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Figure 8 Lateral force, F), measured with the YBCO disc and the PM45 magnet at various
magnet-superconductor distances after cooling down the disc at Z,, = 10.5 mm. The
open circles denote the measurements, and the continuous red lines denote the radial
forces, F;, calculated with the model detailed in Section 3.3.

An important consequence of Egs. (16) to (19) is that, depending on the relative values of
(B(O, Zcp)) and By (r,Z), mz and % are either positive or negative and the levitating system is
either stable or unstable. We emphasize that since we have not considered the changes in the
shielding currents resulting from the reversal of the magnet motion, the model does not account
for a possible hysteresis of the lateral force.

As examples, we report the measurements carried out using cylindrical NdFeB magnets and
superconductors, the dimensions of which are given in Table 1. Figure 6 and Figure 8 present the
values of Fy(Y) at different Z plotted as open symbols, after (i) cooling down the MgB; cylinder at
20 K at a distance of Z,, = 30 mm from the PM80 magnet and (ii) cooling down the YBa,Cus07.5
(YCBO) cylinder at 77 K at a distance of Z,, = 10.5 mm from the PM45 magnet. The continuous red
lines show the E.(r) resulting from the calculations done using Egs. (16) to (19) by taking the values
obtained for Jsc and t from the calculations of Fz, which are reported in Table 2.
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Table 1 Diameters (D), and thicknesses (h) of the cylindrical superconductors and
magnets used for the reported measurements.

SUPERCONDUCTING CYLINDERS

Material D (mm) h (mm)
MgB: 70 30
YBCO 56 10
NdFeB PERMANENT MAGNETS
PMA45 45 30
PM80 80 30

Table 2 Values of the surface critical current density, Jsc, and the thickness, t, resulting
from the calculation of Fz and used for reproducing the lateral forces of the MgB, and
the YBCO samples shown in Figure 7 and Figure 8, respectively.

Jsc (A/m) t (mm)
MgB; ~2.10° ~0.2
YBCO ~2.6.10° ~3.2

In the case of the measurements carried out with the MgB, disc, the calculated forces
increasingly deviate from the measurements as AZ = Z, — Z increases for large Y values.
However, the lateral force is satisfactorily reproduced in the vicinity of Y=0, i.e., the area of interest.
The slopes of the Fy(Y) graphs near Y = 0 show that the lateral force stabilizes the magnet above the
superconductor if Z> 24 mm and that levitation is unstable for Z < 24 mm. Otherwise, the levitation
of the YBCO cylinder is stable at least down to 3.5 mm. We emphasize here that the model accounts
for the transition from the stable to the unstable regime with good accuracy. Stability exists only if

B,(0,2) <(B(0,Z.)) (20)

This can be verified by comparing Figures 7 and Figure 8 to Figure 9, which shows B, (r,Z) and
(B(O, Zcp)) for both discs. The lateral force at Z, is always a stabilizing force because (B(O, Zcp)) is

the largest field applied to the layer of the superconductor carrying the currents at the cooling point.
As Z decreases, the field generated by the permanent magnet increases, as does B¢(r, Z) in the
vicinity of r = 0, and instability occurs if Eqg. (20) is no longer verified. This does not happen with the
system comprising the YBCO disc because the superconductor diameter is larger than that of the
magnet. As a result, the difference between (B(O, Zcp)) and B¢ (O,Zcp) is much larger than in the
system consisting of the MgB; disc and the PM80 magnet.
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Figure 9 Mean value, By, of the field applied by (i) the magnet PM80 to the MgB, disc
(left) and (ii) the magnet PM45 to the YBCO disc (right), as a function of the position, r,
of the axis of the disc with respect to the magnet axis. The horizontal red lines denote

(B(0,Z.p)).
4. Advantages and Limitations of the Model

The validity of the model is supported by the modulation of the thickness, t, of the layers carrying
the shielding currents as the temperature decreases. Numerical simulations suppose, as a general
rule, that the currents flow in the entire sample irrespective of the temperature [15-19]. This
hypothesis is inconsistent with the suggestion that as the temperature decreases, the behavior of
the superconductor tends toward the Meissner limit, a situation in which the current flows on the
superconductor surface facing the permanent magnet only [34]. In contrast, calculations performed
using the mean-field model result in decreasing values of t as the temperature decreases [25, 33],
i.e., coming nearer to the Meissner limit. Otherwise, applying the mean-field model requires only
measuring or calculating the vertical component of the magnetic field along the magnet axis for
determining the levitation forces and along the magnet radius at different Z for calculating the
lateral ones (see Appendix I). This is in contrast to the numerical simulations that require knowledge
of the field components in the entire superconductor and the surrounding region. This contributes
to reducing the time required for performing the calculations. However, there are limitations in
using the model, which are set in the first place by the requirement to have superconductors and
magnets with a high degree of symmetry. In addition, the temperature must be low enough to result

int < % Finally, the model supposes that the vortex density does not change with the applied field,

which would not be the case if either the applied field was larger than the vortex penetration field
of the superconductor or if flux jumps occurred, as this has been observed at low temperatures [35].

Bg

. 2A
We also mention here that for low p
0JSC

temperatures and for which J; and /s are large, the magnetic moments m;, mmax, and my tend
toward saturation. As a result, good reproduction of the measured levitation force can be obtained
with a large range of /5. values, which makes the accurate determination of this quantity difficult.
This is the case for the values reported in Table 2. Conversely, for designing a cylindrical levitation
system, the maximum levitation force can be evaluated using Egs. (5) to (8) by taking an arbitrarily
large value for Jsc and varying t between 0 and t/2. The range of working heights in which levitation

ratios, which are generally encountered at low
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is stable can be a priori determined as a function of the selected cooling height from the knowledge
of the field generated by the magnet using Eq. (20).

5. Conclusions

In this study, we have described an analytical mean-field model that reproduces the levitation
and lateral forces applied to superconductors in levitating systems consisting of cylindrical magnets
and superconductors. We have stated its domain of validity and verified that the measurements
carried out with levitating MgB, and YBCO superconductors are in agreement with the calculated
values. One of the advantages of the described technique is to give an estimation of (i) the surface
critical current, Jsc, and (ii) the thickness, t, of the layer carrying the shielding currents. However,
the most important result of this work is that, in order to be stable, axisymmetric levitating systems
must work in conditions in which Eq. (20) is valid.
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