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Abstract

This paper concerns a poroelastic half-space in which plane compressional waves are
scattered by a spherical inclusion. Addition theorems for the spherical wave functions are
utilized to meet the boundary conditions on the plane, and the satisfaction of the given
conditions on the boundary of the sphere leads to three infinite series equations, whose
solution can be acquired by successive approximations. Further, its existence and uniqueness
are discussed.
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1. Introduction

The use of the Biot formulation of a porous medium is well cited in the literature; see examples
[1-5]. Some of the works in this area have also sought to use the Biot formulation of a poroelastic
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material to determine the bone rigidity coefficients. Buchnan and Gilbert [6, 7] used the Biot
formulation of poroelastic material to determine bone rigidity coefficients by Gilbert et al. [8, 9]. In
a recent work, Lee [10] considered the scattering of the plane compressional waves by two rigid
inclusions in an infinite poroelastic medium.

It is well known that Biot’s theory predicts a fast and slow compressional wave. Since the second
compressional wave does not occur for a purely elastic material, the detection of the two different
compressional waves indicates the poroelastic nature of the specimen. Hosokawa and Otani [11]
studied the use of the Biot formulation of bone. Additionally, they also identified both fast and slow
waves in the cancellous bone.

In this paper, Biot’s equation of motion is solved analytically when a plane, compressional wave
impinges on a rigid spherical inclusions in a poroelastic half space. The incident wave is composed
of a linear combination of the Biot “fast” and “slow” waves. An image method is applied to Biot’s
equation of motion to obtain three infinite series equations, using an equation [12], and
subsequently, a successive approximation technique is employed to obtain the solution. The
existence and uniqueness of this solution are discussed below.

2. Biot Equations

The homogeneous media Biot equations for the displacements have been given earlier [13, 14]
as follows:

. o — - L 9*U |, 9%V
V'Us—bE(U—V)=P11w+P12W, €Y

o, — ., 02U  a8*V
VS"'b&(U—V) = r2 gzt Pagm (2)

where position (X) and time (t) are two independent parameters, ﬁ(a?,t) represents the solid
displacement, 7(9_5, t) represents the fluid displacement, and @ is the defined solid stress tensor
so that 0, 7 is the force, per unit area of the bulk material, applied to the solid part of the material.
Additionally, s is the negative of the pore pressure (p,) times void volume fraction f of the
material. The total stress is givenby o = 0 + s 7, where T is the identity tensor.

For the rest of the analysis, we will be considering the case of harmonic motion. Hence, the
displacements can be expressed as:

U®,t) = U (@)exp(—iwt)
V(®,t) =7 @)exp(—iwt)

where w is the circular frequency. The Biot equations have too many unknown functions when both
the fluid and the solid displacements are used. Therefore, it is better just to use the solid
displacement and the fluid pressure [15]. To see how this is done, we recall the constitutive
equations for a Biot-type material, which are given by:

2
7= (A+-V Ul + u(Vi+ (W) +QV-vI+sl,
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where,
s:=QV-U+RV- .

The second of the above equations can be used to eliminate the fluid displacement from the
equations of motion. To this end, we derive an equation that is satisfied by s by first obtaining from
equation (2):

Vs + w?(p1p U + ppa V) = 0, (3)

ib ib
where p;, = p1, — l;,pzz = pya + lg and then

A s+

w2
p225+w2p22(g—g>7-ﬁ=0. (4)

Following an earlier study [15], we identify a pressure p given by:

S
= — . 5
p ol (5)

Now from equation (4), this pressure can be seen to satisfy the equation:

Ap+Bw?p —aV-uU =0, (6)

where,

p1z @ p
a:= ./pzza)(pﬁ—ﬁ),andﬁ r= %

22

From equations (3) and (5), the fluid displacement ¥ can be given in terms of the solid displacement
U and the scaled pore pressure p as:

Vp _P121_z
W/ P22 P22

(7)

U=

If o, := 0 — s, then the other equation of motion (1) may be written as:
V-Gs + 0?(p i+ p2 V) = 0.

ib Lo . - .
where, p1; = p11’ + l; Further, by eliminating the water displacement vector v, we obtain the

form:

2
V.o, + w2<p11—&>ﬁ’ _Pzpe o 0,
22 P22

which simplifies to the form:

A+wWVW-uW) +uV-Viu+ aVp+ w?pu = 0. (8)
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Following Zimmerman and Stern, we use the representation of solid displacement and pressure
as given by:

Vo, + Vs + VAV AT,
Ar A + As A ¢,

u
p

Substituting these into equations (6) and (8), we obtain the equations for the scalar and vector
potentials. These are [15].

leAd)f"‘(l)zpd)f +aSAgbs+a)2p¢s=O,

9)
Ar Ay —depy +A AP — dsps = 0,
{A+Kk2WAY = 0. (10)
Here the following notation is used:
2
as s ::A+2M+C¥Af,s' p = pllp’202—p12,
22
, (11)
2 2 . P@
df,S = Af‘sﬁ(x) — Q, kt = .
u
In order to decouple these waves ! we require the following conditions to be met:
d w? d w?
PO a2 (12)
Af af As ag
This leads to
—D +/D? + 41 + 2p)a?fw?
A, = ++ @+ 2p)a*fo? (13)
’ 2afw?
where D : = (1 + 2u)Bw? — a? — pw?. The fast and slow compression waves then satisfy
Adps + Kisbps =0, (14)
where
d w?
2 . Yrs _ PO (15)

KZ = = .
15 Ars T apg

Let us suppose that i satisfies Ay + kZ ¢ = 0. If we take E) = rye, where e, = unit vector in
r-direction, then we see that Jf satisfies equation (10).

1 Zimmerman and Stern say for reasons of "compatibility".
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3. Boundary Conditions on the Plane

In this paper, we consider the problem of half space. Hence, we employ both spherical (r, ) and
cylindrical (p, z) coordinates. The center of the spherical inclusion is at (p,z) = (0,0), and the

plane face of the half space is located at z = —d. On the planar surface, the boundary conditions
are u( ) = [E? = 0. Here (r) refers to reflected waves. The incident compressional wave is made

up of both fast and slow compression components but no shear component; therefore, the incident
wave scalar potential is composed of a fast and a slow contribution. We write:

p® = ¢(l) + ¢(l)
and
¢(l) (l){eucfz + e—mf(z+2d)} ¢(l) _ ¢(l){elksz +e Lks(z+2d)} (16)
Since the displacements in cylindrical coordinates [13, 14] are
=V + Vs + VAW AY).

If = 0, then displacements are

d 0
dp ap
a(pf 0(155

Yz =3, t oz

Therefore, the tangential stress is:
_ (ou, N ouy\ ) 0% N 0%,
Oz = ¥ dp 9z ) “{apaz apaz}'
We see that u® = ¢ = 0 atz = —d. Thus the boundary conditions on z = —d are

pz
ugi) + ug) (l) + v(r) (l) + a(r) =0atz=-d,
Thus, we use the image method, i.e., we symmetrically extend the status to the region z < 0, and

as a result, the present problem gets converted into a problem of two spheres in a full space. The
second sphere is located at ©i(p, z) = (0, —2d) whose coordinate systems are (', 6").
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Z

Figure 1 C Configuration of the sphere.
4. Boundary Conditions on the Sphere

The appropriate functions for ¢y, ¢, and Y are:

¢; = z Cnf h;l)(Kfr)Pn(cose) + z 'y h(gl)(KfT')Pq(COSQ'), (17)
n=0 q=0
where hg) (r) = \/gHr(l?l/z(r). Here \/%H&)l/z(r) is the spherical Bessel function of the third
kind. Similarly, we can write:

oo o

¢ == z Cns h,&l)(lcsr)Pn(cose) + Z 'qs hgl)(Ksr’)Pq(cose’), (18)

n=0 q=0

We can further express functions in (', 8") by (r, 8) using the addition theorems for spherical wave
functions. Using the relations:

h$P (kr')P,(cos") = z Qhy (2d)j (k)P (cos8), (19)
n=0
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in [12], and the expression Qé?(m(Zd) is given in an earlier study [12]. Thus, equation (17) can be
written as:
¢r = Z [ Cnfhgll) (rfr) + bnfjn(Kfr)]Pn(COSH), (20)
n=0
where
bnf = Z C,quqn, (21)
q=0

Here, we have used the short-hand notation Q,, : = QéZ)On(Zd).

Likewise, equation (18) can be written as:

bs = ) [ enshi(6s7) + bugfnGesr) | Pacos0), (22)
n=0
where
bns = Z C,quqn'
q=0
Also,
_ (€Y ’ 1 I r
Y= 2 Cne by, " (k)P (cosO) + z Cqt hq (k¢r')Py(cost)
n=20 q=0
= > [ enchPer) + buejn ) |Pucos0), (23)
n=0
where

(o]

_ ’
byt = Z ¢ qtQqn

q=0
The displacements in spherical coordinates are:

0y 0 1 09 oY
= or + or _rsinH%(smgﬁ)'

C10¢; 10¢, 107y
Yo =730 "7 6 T rarae
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1 ¢f a¢s P12
v, = —Ark — Ask - —U,.
r W/ Pra ( f f or N s or ) Do Uy

The last expression is from equation (7) and thus can be written as:

oo

1
u™ = - Z [ crpir + Cns€rz + Cne€az + byypFu + bysFra + by Fis]Py(cosh),

n=0
where
1 1
&1 = —KfTth?l(KfT) + nh,(1 )(KfT'),
&1z = _Ksrhrgl-zl(’csr) + nhgll) (rsT),
_ (€))]
€13 =n(n+ Dhy, " (ker),
Fi1 = —KsT 1 (KeT) + njn (k57),
Fiz2 = —KsTjns1(KsT) + 1y (ksT),
Fiz = nn + 1)jn(ke),
@ 1 = 0P, (cosB)
Ug" =2 Z [ Cnp€a1 + Cns€az + Cne€a3 + brpFaq + bysFoy + b Fos] 9
n=0
where
1
€1 = KD (1), €2y = WP (7)), €33 = —kerhS) Ueer) + (n+ DAY (),
Fa = jn(Kfr)v Faz = Jn(ksT), Faz = —kiTjny1(ker) + (n+ 1)), (ker),
(r) Z [ Cnf€31 + Cns€32 + Cnt€s3 + bppFaq + bpsFsp + bntT33]P (cosh),
where

€31 = —{— Kfrhn+1(Kfr) + nh( (Kfr)}AfZ’

€3 = —{—Ksrh( ) (rsT) + nh1(11) (16s7)}As2)

n+1

€33 = —%{ n(n + DAL (kr)},

Fz1 = —{=KeTjns1 (1) + 0y (k7)Y s,

Fzp = _{_Ksrjn+1(’csr) + njn(Ksr)}ASZI

(24)

(25)

(26)
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P12

Fzz = ——n(n+ 1)j,(k.7),
P22
with
Acrc? A xc?
Ay =Ty P12 g DKy Pi2
W,/P22 P22 W,/P22 P22

Now incident waves are

¢(l) o 2 (2n + 1){1 + e 7274 (= 1)}, (i T) P, (cos0),

n=0

@ = i Z (2n + {1 + e~ 24 (—1)"}j, (ks ) P, (cosh),

u = Z &, P,(cosh),

1w~ _ 0P (cosB)
@ _ = __n 7
Yo =75 Z & 06 '

n=0

v = z &3 P,(cosh),

where

& = 81f + &&= 82f + €25, €3 = g3f + &3
Exf ="+ D{1 + e 2 (=1)"Hn jn (kp 1) — K T g1 (6, 7)o

815 = in(zn + 1){1 + e_ZiKSd(_l)n}{njn(Ks 1") — K rjn+1(Ks T)}(pOs:

Eop = "(2n + {1 + e X (1)}, (kr T oy

s =1"2n+ {1 + e_ZiKSd(_l)n}jn(Ks ) Pos)

Esp = "0+ D{1 + e 2 (=1)" Hn jiu () ) — K5 T jrp1 (165 T)YAr2007,

E3s =1"2n+ D1+ e_ZiKSd(_l)n}{njn(Ks ) — Ks T jny1(Ks )} A52P0s,
The boundary conditions at r = c are as follows

u +u =,

@ ™ _

Uy +uy’ =0,
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vr(i) + vr(r) =0,
These will lead to the following equation
E(m)C(m) +Fm) B +E =0,

Or using relations (21) in the above equation, we find
ECO)+F ) € (m)Qun+E =0, @7
m=20

where
E =[€;jl3x3 & = [Fijlsxgatr=c
€ () = [Cnps Cnsr Cne ™ €' () = [C'nf, sy el
B (n) = [byys, bps, byel™ By = [£1,E,,E,]7,

After using the backward translational theorem to equation (19)
RGP (r)Py(c0s8) = > Qfon, (2d)jn(kr")Py (058 ) (=1,
n=0

from the second sphere, similarly, we obtain following relation
EmC'(M) +FmB'(m) + B ()" =0,

Solving for C ' (n), we find
C'(n) = ~E7'§(n) i € (M)Qua(~D™" — E{(m) By () (D), (28)
m=0
Therefore, if we substitute from equation (28) into equation (27), we obtain
E(m)C (n) - §(n) i A0, £)C (&) —FmGn) +E () =0, (29)
£=0
where

A@, ) = (=1 ) B (Fm)Qom Qi (-1,
m=0

Gy = ) B (m) By (m)Qun (—1)™
m=0
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Theorem. The solution C (n)to equation (29) exists and is unique.
Equation (29) can be written as

Cn) = Z B(n,k)C (k) +F (n), (30)
k=0

where
B(n, k) = ET*()F(n)A(n, k)

F(n) = ET*m){Fn)G(n) — E; (n)}

Let us seek the solution of equation (28) by a method of successive approximations. For the zero-
order approximation, let us take

6(0) n) = F (n).

Let us substitute the zero-order approximation in the righthand side of equation (28) and take the
resulting expression as the first-order approximation

P m=Fm+ Z B (n, k) F (),
k=0
Moreover
e - C ey
¢ ) =Fm) + Z B k) C " (k)
~Fm)+ Z B (n, k) F (k) + Z Z B (n,k)B(k, &) F ()
k;O k0=00£’= 0
—Fm)+ Z B (n, k) F (k) + Z B, (n, &) F (£),
k=0 =0
In the above equation, we write, for brevity
B,(n, &) = Z B (n, k)B(k, ©).
k=0
Similarly we find:
e - . . N
¢V ) =F )+ ) (Bu(n.)) + By(n ) + B D} F (),
=0

where
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By(n.j) = ) B(n,)B,(4.))
£=0
In general,
m [ee}
CMm=Fm+) Y B@uNF (), 3D
k=1j=0
where By (n, ) is determined by the recurrence relationship, given by:
By(n.j) = B ) Be(nj) = ) B (0 6By (L)),

£=0

Assuming that the approximations do converge and are proceeding to the limit in equation (31), we
can obtain a solution of equation (28) and express it in the form of an infinite series

Coy=Fm+) > Bm)FQ. (32)
j=0

Hence, we can show that the series (32) converges and also has a unique limit when the radius of
the spheres is small.
Here norms are defined as:

Il E lI= max; ; {€;}, Il C(n) ll= max{Cpf, Cps, Cnt }, I F(M) l= max; ;{F;;} so on. (33)

For small values of r [16, 17]:

_ 2

hfll)(r)=\/;H(1)1( )= i Srn+(12n 1)<1_2(1r_2n)+'">+m' (34)
' T rh TZ
Jn(r) = \/;]M%(r) " 1-3-5--(@2n+ 1)(1 T2@+2m) ) (35)

By an elaborate work on the above equations, we find:

I A(n, k) lI< Z IE=E(m) Il F(m) M Qg 1 Qo |
m=20

<) (Zm—l) T gm O t Del e Kkkm
m=0
rmt m?(m+ 1)
K 2m+1 K
<k 2(1 3 moD) e ety < Kak (36)
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Here, we used || Qi I< Kk [12] in equation (36)

Thus,
r"‘ln
| B(n, k) 1<l E7X(n) Il E(n) Il A(n, k) ||< 3 (2n-1) e,
r'*n(n + 1) Kok < r2n- 102”“6 c; ni(n+ 1)K .
3 nt ok 13- @n-DY 2+l
I By(n, ) lI= Z I1B(n, &) Il BC&,)) I
< TZTL 1CTl+1C2C3 n (n+1) Z 21.” 1 2{)+1C2C3 €2(€+1)K€<
A3-@n-DF 2n+1 W LA 3 (2e-Dp 2641 3
Il B(n,j) Il cq,
where

Z 2€ 1 2{’+1 £2(£+1)K - rC
{1-3- (2#—1)}2 20+1 % T (1—r2c2)?

by choosing a value of r that is small enough to satisfy the above inequality.

<1

I B3(n,j) I< Z | By(n,£)B(£,)) I< C‘*Z | B(n, ) Il B(£,j) II< ¢z | B(n,)) Il.
£=0 £=0

Generally,

Il B,,,(n,j) I< c 1 B(n,)) Il
Thus from (32), we have:
1) I<I F (n) Il + z Z I Bo(n, ) I G) 1< F () 1l + Z c!;—lz 1B, ) I F () 1. (37)
k=1j=0 k=1 =0

Equation (37) is convergent, if we choose a small enough value of. From equation (31),

) —(m) —(m-1) ) N ) m—1 . = .
r}grgo ¢ "(n)—-C M lI= T}llirgo [ B, (M, ))F({) I n111£r3064 IB(m,j) Il F @)
j=0 j=0
= 0.
Thus, the solution is unique.
5. Discussions and Conclusion

In this paper, we have considered the problem of the scattering of plane waves by a rigid
inclusion in a poroelastic half space by an image method. This problem can be considered equal to
the problem concerning two identical spheres in an infinite medium. Here we have discussed the
existence and the uniqueness of the solution. We have also concluded that the results obtained in
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this paper will be useful for the treatment of osteoporosis, which affects elderly people, and is also
a threat for potential astronauts.
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