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Abstract

In this article, microsphere super-resolution, which are beyond the Abbe classical limit, are
described. The conversion of evanescent waves into propagating waves is analyzed by using
the geometry of the microsphere. In microsphere experiments, a nanojet is produced near
the focal plane, where its width is smaller than the Abbe limit and remains unchanged in the
axial direction for certain wavelengths. The interference between the evanescent waves
being converted into propagating waves and the nanojet leads to an increase in light
intensity and confinement effects in the focal plane. However, the nanojet is not the main
source of the super-resolution as the fine structures are available mainly in the evanescent
waves. Quantum effects for super-resolution are obtained from special properties of the
evanescent waves leading to an uncertainty relation. Several methods to increase the phase
contrast in microsphere experiments have been described, which can be used for phase
object measurements. Plasmon interaction can be used for measuring fine structures of
special systems and for converting evanescent waves into propagating waves but they might
also change the optical image in a way which is difficult to analyze. Therefore, most
microsphere high-resolution experiments were conducted without plasmon interactions.
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1. Introduction

Ernest Karl Abbe approximated the diffraction limit of a microscope as
d =L. (1)
2nsing

where d is the resolvable feature size, 1 is the wavelength of light, n is the index of refraction
of the medium being imaged in, and ¢ is the half-angle subtended by the optical objective lens
(representing the numerical aperture) [1]. This results in the best outcome that can be achieved by
conventional microscopy. As can be deduced from Abbe resolution limit, the resolution is
increased by using “immersed lens,” i.e., in which the objective is immersed in liquid with the
index of refraction N > 1 (quite often oil is used). The optical resolution of conventional lenses is
limited to approximately 200 nm and thus they cannot be used to resolve nanostructures.
Therefore, recently a 50-nm resolution nanoscope has been developed [2], that uses optical
transparent microsphere (for example, microspheres of SiO, with a diameter of 2-9 um) to

overcome the white light diffraction limit. The microsphere nanoscope can be operated in both
transmission and reflection modes and generate magnified virtual images with a magnification up
to 8X. This offered opportunities to image viruses and biomolecules in real-time. By using a
microsphere confocal nanoscope, sub-diffraction imaging was carried out at 25 nm lateral
resolution in the visible spectrum [3]. Several properties of microspheres, which are conducive for
obtaining super-resolution, have been described in the literature. Usually by the use of
microspheres, virtual images are obtained but they elicit real super-resolution using high refractive
index [4]. In subsequent studies, the effects of the microsphere radius [5], near-field, and nanojet
were analyzed [6]. A simple configuration, not involving resonances, was described [7] to reach an

effective volume of 0.6(i/n)3. Phase contrast in microsphere imaging can be increased by dark-

field microscopy [8]. It was claimed that Mie resonances can lead to high microsphere resolution
[9, 10]. Dielectric sphere terahertz (THz) super-resolution imaging was described [11]. Application
of the microsphere to focus laser light on samples which led to nano patterning was suggested [12,
13]. Quantization of evanescent waves was analyzed by which the propagation wavelength is
reduced as a cooperative effect of several photons, increasing the resolution far beyond the
Rayleigh criterion [14].

Later, many other experiments were carried out to delineate the properties of super resolution
[15-28]. It was proposed that there must be some new mechanisms that could explain the unusual
imaging properties [29]. It was also asserted that “previous studies adopted a phenomenological
explanation mainly based on the super-focusing effect of a photonic nanojet” “but there must be
some other physical mechanism” [30]. There have been debates and disagreements about the
interpretation of the microsphere super-resolution. In the present review | would like to address
the following four fundamental questions about microsphere super-resolution and explore the
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possible answers to these questions by developing theoretical analyses, which have been found in
agreement with experiments:

a) What is the main source for microsphere super-resolution?

As analyzed in Section 2, the super-resolution is related to evanescent waves, in which the
wave vector component in the longitudinal direction is imaginary and the spatial vector
components in the transversal directions become large so that they can detect the fine structures
of an object. Such effects are well known in the near-field scanning optical microscopy (NSOM) in
which nanostructures are detected and they overcome the far-field resolution limit by exploiting
the properties of evanescent waves. By using complex Snell’s law and the special geometry of the
microsphere described in Figure 1, the conversion of evanescent waves to propagating waves is
analyzed in Section 2 and it is proved that this analysis concords well with the experimental results.

Microsphere
'y

1
/ ! evanescent
Object i w waves
1
—_—
k,
incident
waves

Figure 1 Conversion of evanescent waves to propagating waves. A dielectric
microsphere with refractive index n, and radius R is located above a thin film of the

object at a contact point O where the medium between the object and the
microsphere has refraction index n,. A plane EM wave is transmitted through the thin

film of the object in the perpendicular direction and incident on the microsphere at
point P . Evanescent waves with spatial vector k,X—iyZ propagate near the contact

point O (the subscript | represents incident waves). The evanescent wave spatial
vector is rotated by angle ¢ in the counterclockwise direction with a component K, ..,

tangential to the microsphere surface at point P . k; ; represents the component of

the spatial vector inside the microsphere, which is perpendicular to the microsphere
surface. The decay of the evanescent waves at point P is proportional to exp(—yh)

and this decay is small under the condition r=Rsing < R.
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b) What is the role of quantum coherence in microsphere super-resolution?

As analyzed in Section 3, the evanescent waves introduce a quantum mechanical cooperation
between n photons reducing the wavelength to A/n and there is a distribution over different n
numbers. Following the Abbe resolution limit, we find that by reducing the effective wavelength,
the resolution is improved due to quantum coherence. Further, fluorescence spectroscopy can
lead to super-resolution, which is far better than those obtained in microsphere experiments [31].
However, the microsphere measurements include the phases of the object (proportional to the
optical distance, i.e., to the geometric path multiplied by the index of refraction) in a way which is
much better than fluorescence spectroscopy. The phase-contrast measurements [32], described in
Section 5, have important applications especially in measuring semi-transparent biological systems.

c) What is the effect of plasmon interaction on microsphere super-resolution?

When there are two different groups of EM modes, Fourier series expansion can be used for
each group of modes and the total EM field (in certain X, Y,z coordinate system) can be described
by the products of the fields in the two separated parts of the system. In order to describe the
boundary conditions with spatial modes, we need, however, to transform this product by inverse
Fourier transform to convolution of the spatial modes of the separated parts of the system.
Ebbesen and his colleagues showed [33-35] that a thin metallic grating with arrays of
subwavelength holes can transmit light intensity at certain frequencies. This intensity is many
orders stronger than the light intensity incident on the area of these holes. This effect was
explored in our previous work [36] on the convolution between evanescent waves’ momentum
transfer function and momenta of surface-plasmons. It has been shown that the transmission by
microspheres can be enhanced by inserting metallic films in the microsphere system [37] or by
employing metal-coated microspheres [38]. As shown in Section 3, the plasmon interaction is
quite complicated and might change the optical image in a way which is difficult to analyze.
Therefore, it can be said that plasmon interaction including quantum effects [39] is a different
field from the present one.

d) What is the role of the nanojets in microsphere super resolution?

The evanescent waves that are converted to propagating waves are transmitted near the
symmetry axis of the microsphere. These waves interfere with propagating waves that enter the
microsphere at distances which are far from the contact point O and they do not include the
evanescent waves (converted to propagating waves). They produce the nanojet effect as
described in Figure 2.

The scattering of light from small spherical particles with a dimension larger than wavelength
has been described by Mie theory. Photonic nanojets emerge as narrow and elongated spots with
high field enhancement. The bandwidth of a nanojet can be smaller than the classical diffraction
limit given by Eq. (1), in fact as: ~ A /4 for microspheres. Its width remains unchanged in the axial
direction for some wavelengths. Mie theory solves Maxwell’s equations for the particular
geometry and numerous numerical and experimental studies have been reported on nanojets [40-
48]. Some studies have especially been focused on the influence of the photonic nanojet of
microsphere on microsphere imaging [49-56].
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Figure 2 Bessel functions superposed on geometric optics trajectories. Using the
description of geometric optics the plane EM beam is transmitted through a thin film
of the object and incident on the microsphere (which has a radius R ) with an incident
angle 6, and with a distance r from the symmetric axis z, The EM ray is transmitted
into the microsphere with transmittance angle 8, and after traversing through the
microsphere crosses the symmetry axis with an angle £ . For a relatively large distance
r, the evanescent waves decay before entering the microsphere. The distance f

between the crossing point and the center of the microsphere C is considered as a
variable focal length which is a function of the incident angle 6, . The relation between
6; and 6, is fixed by the Snell law where the microsphere index of refractionis n, and
outside it is N,. The variable angle S is calculated in the present article as a function

of the incident angle. The approximation of physical optics for the nanojet is obtained
by superposing Bessel beams on the trajectories of geometric optics.

Many possibilities have been suggested about the origin of super-resolution in microsphere
experiments. It was claimed that the “super-resolution of a dielectric microsphere is governed by
the waist of its photonic nanojet” [55]. Although this claim is correct, its interpretation should be
related to the interference between the evanescent waves (converted to propagating waves) and
nanojets. While the intensity of a nanojet might be very large relative to the evanescent waves
(converted into propagating waves), the microsphere super-resolution is governed by photon
changes An of the evanescent waves. As the evanescent waves are concentrated near the
symmetry axis such interference is effective only by the narrow waist of the nanojet, so that both
waves are located at the same place.
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Super-resolution of a gold nanosphere located within a nanojet was reported [57]. Our
assumption is that a nanojet alone without the evanescent waves (converted to propagating
waves) cannot detect the fine structures of the object as they are not available to the nanojet and
only a small fraction of structures can be detected directly by nanojets. The present approach is
that the high resolution of microspheres is obtained by the interference of evanescent waves
(converted to propagating waves) and nanojets have very important implications as detailed in the
present work.

The accurate calculations of nanojets follow from the complicated solutions of Maxwell’s
equations by Mie theory [40-56] but such calculations do not give analytical results, as they
require the summation of a large number of terms for a moderate sphere size. Further, optical
resonances may also appear in microspheres’ photonic nanojets related to Mie terms in which the
denominator is zero [53]. A more simple explanation of this effect and its approximate qualitative
properties are described in Section 5.

The present paper is arranged as follows: In Section 2, we analyze the conversion of evanescent
waves to propagating waves and show that this analysis is in agreement with experimental
observations. We carried out the analysis for a simple example in the transmission mode but the
same can also be done in the reflection mode and with more complicated examples. In Section 3,
we show that microsphere super-resolution can be related to quantum cooperative effect
between n photons by which the effective wavelength is reduced to A/n and there is a
distribution over different n numbers. The relations between this effect and number-phase
uncertainty relation is discussed. In Section 4, we show that plasmon interactions can be used for
measuring fine structures of special systems. However, in a more general system, this interaction
can change the optical image in a way that it becomes difficult to analyze, thus most microsphere
super-resolution experiments are conducted without such interactions. The interference between
evanescent waves and the nanojet near the focal is analyzed in Section 5, where this interference
increases the intensity of light and leads to phase-contrast effects which are very important for
fine structure measurements of the biological systems. There have been described many methods
to increase the phase contrast in microsphere experiments by adding interference of the radiation
transmitted or reflected by the microsphere with a reference system. These holographic systems
have also been described in detail. In Section 6, we summarize our results and conclusions.

2. Conversion of Evanescent Waves into Propagating Waves

The microspheres act as a tip detector of SNOM where its geometry is not known but in our
case, the microsphere has well-defined geometry which is used as follows. As described in Figure 1,
a dielectric microsphere with refraction index n, and radius R is located above a thin film of
object at contact point O. The medium between the object and the microsphere has a refraction
index n,. Parallel monochromatic EM wave is transmitted through the thin object film in a

direction perpendicular to its surface. We assume that the EM field in the medium with refractive
index N, can be described by

V(F,t)=U(F)exp(iat) . (2)
where space dependent part U(F) satisfies the Helmholtz equation

(A2+K*)U(F)=0 ; k=nk, ; k0=% .(3)
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where k, and C are the wave vector and velocity of the monochromatic light in vacuum,
respectively. The EM field at the upper planar surface of the object (for which: z=0) is given by
U(x,y,z=0)= j I u(kx,ky)exp[—i (kxx+kyy)]dkxdky . (4)

—00 —00

where k,.k, are the lateral spatial coordinates in the momentum space. The spatial structures

of the object are included in the distribution of the spatial modes u(kx,ky). The EM waves

propagating from the surface of the object into the homogeneous medium in the space z>0
with a refractive index n, is given by

U(x,y,z>0)= ]O ]0 u(k,.k, )exp| =i (kx+k,y+k,z)|dkdk, - (5)

—00 —00

Eq. (5) obeys the boundary condition established in Eqg. (5) and also satisfies the wave equation
in the medium before the microsphere. We are interested here in evanescent waves for that the

Helmholtz equation can be given as k, =,/k* —k -k, =—iy(kk,) . Notice that the decay

constant y is given as a function ofk, ky . Eq. (5) applied for evanescent waves is transformed to

Uan (X, Y, 2> 0) = ]O T u(k,.k, Jexp| =i (kx+k, y) - (k. k,)z) |dk,dk, - (6)

—00 —00

For observing the fine structures of the object which are better than the Abbe resolution limit,
we need to use such spatial modes, for which k ? +ky2 > k? but under this condition, the waves

are evanescent.

We simplify the analysis by taking into account the spherical symmetry of the microsphere. As
described in Figure 1, a certain spatial mode of the evanescent EM waves is incident on the
microsphere, at the surface point P for which the sum of lateral spatial coordinates is k, in the x-

direction (i.e. k, =k, ; k, =0) with k,? > k* .
Then we have the spatial mode
u(x, z) =exp[—ik,x—yz] ; kZ*—»*=k*=n’k?.(7)
Here the subscript | refers to the incident wave. The evanescent wave at the point P which

is above the object at a distance h' decays by factor e before arriving at this point so that only

evanescent waves that are at a distance r << R from the contact point O are effective in
producing the super-resolution effects.

Our basic idea is to use boundary condition for the light transmitted from the medium with a
refractive index n; to another medium with the refractive index n,. As is well known, the

component of the monochromatic light wave vector, which is parallel to the boundary plane, is
not changed by transmittance. We postulate that such boundary condition would also be valid for

complex wave vector as analyzed in the previous paper [59]. The complex wave vector Ecomp_
incident on the microsphere atpoint P can be described as K, comp, = KiX—=lyZ.

The component of this complex wave vector, which is parallel to the microsphere surface at
point P is given by R,’tan. =Kk, X" and it is not changed by transmission R,,tan = IZT’tan. where IZT’tan_

is the component of the complex wave vector that is tangential to the microsphere at point P
inside the microsphere.
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Let us analyze now, the conditions under which the evanescent waves are transformed into
propagating waves. By rotating the spatial coordinates (k,,—iy) at point P by the angle @ inthe

counter-clockwise direction, the spatial component k, . %', which is tangential to the microsphere

at this point, is given by
K, wn =K, cOS(¢) —iysin(g). (8)
where k, . is a complex number. The boundary condition at point P leads to the relation

I ,tan
kl,tan = kT,tan' (9)
where k, . is the tangential component of this spatial vector inside the microsphere at point P .
The present spatial mode satisfies the Helmholtz equation in the microsphere with the relation
kT,tan2 + kT,N2 = nzzkoz' (10)
where k,  is the component of the present spatial mode in the microsphere which is

perpendicular to the microsphere surface at point P . We substitute Egs. (8-9) into Eq. (10) and
get:
Kr n 2 =n,’k,” —k,? cos® ¢+ y*sin® g+ 2ik, ysingcos ¢ . (11)

In Figure 1, we assumed that K, is in the X direction but we have the same value of k, also in

2 22
=n, kO _kT,tan

the —X direction (following from the requirement that a standing wave is produced) so that the
averaged value of 2ik,ysingcos¢ vanishes. Averaging this term to zero and substituting Eqs. (9-
10) into Eq. (11) we get:

ke ” =0 °Ke" = (k" + 7 )cos® g+ ' sin® g = n, %k, — k7 cos® ¢ — % cos(24).. (12)

The evanescent wave is transformed into the propagating wave under the condition that kT'N2

is positive but it will remain evanescent wave if its value is negative, thus in such case
Krn = —17gnere Where ... represents the decay constant in the direction z' that is

perpendicular to the microsphere surface. For small angles, we have approximate relations
cos’¢p=1 ; cos(2¢) =1and the condition for transforming evanescent waves to propagating
waves can be given approximately by

n,’k,> —nk,> — % >0.(13)

The different properties of high resolution related to the above analysis have been discussed in
previous works [58, 59] including the relation between the radius of the microsphere and the
super-resolution. The use of microsphere as a tip detector for increasing the resolution by using
scanning near-field optical microscopy (SNOM) of evanescent waves was related to complex
Snell’s law [58, 59].

In various experiments on microsphere high resolution, n, was taken approximately as 1 (air)
and n, as around 1.5. However, it was emphasized in many works that the resolution can be
improved further by using microspheres with high refraction index (nearly 2) [60-64]. These results
can approximately be related to Eq. (13), or to the more general Eq. (12), by which more optimal
condition of conversion of evanescent waves to propagating waves is given by n,>n,
Microspheres with liquid immersion were used, and the roles played by each component were
studied [65-70]. One should notice that by increasing the value of n,, the condition for converting
evanescent waves to propagating waves becomes less optimal according to Egs. (12-13). However,
on the other hand, the Abbe resolution limit given by Eqg. (1) improves (while the present

Page 8/21



Recent Progress in Materials 2019; 1(3), d0i:10.21926/rpm.1903003

improvement in the micro-sphere resolution is relative to the Abbe limit) [59]. Thus, the optimal
condition for super-resolution is a tradeoff between these contrasting conditions [65-70].

Since the field of view in microsphere measurements is quite small, various methods have been
used to get a large field of view in microsphere experiments. This includes moving the
microsphere over the object or moving the object below the microsphere until the complete
image is captured [71-77]. Super-resolution has been obtained by arrays of microspheres [78-82]
and microfibers have also been used to increase the field of measurements [83, 84].

3. Non-Classical Super-Resolution Effects in Microsphere Experiments and Number-Phase
Uncertainty Relation

Space dependent part of the monochromatic evanescent can be given in our treatment by
exchanging Eq. (4) to the following Fourier series expansion [85]:

U (x, y):{ i Ao xp (—im(D)kyx) + i Avy exp(im(2)k0x)}

m(1)=0 m(2)=0

x{ i Ay €XP (—in(Dk,y) + i Az exp(in(Z)kOy)} (14)

n(1)=0 n(2)=0
<€XP(~7nini?)

Eq. (14) includes Fourier series expansion of four-momentum modes. The terms in the first
curly brackets represent linear combinations of momentum states propagating in +X and —x

directions, while the terms in the second curly brackets represent momentum states propagating
in the +y and -y directions. Here, m (1), m (2), n (1), and n (2) are the numbers of cooperative

photon for the four modes, respectively. Further, A ; (i=12) and A, (j=12) are the

amplitudes of these modes. These amplitudes are obtained by using the boundary conditions at
z =0. The decay of the evanescent waves (in the z-direction) is fixed by the relation:

[m(i)k0]2+[n(j)k0]2—(ym(i)n(j))z=k02 for i, j=12 ; m(i)2+n(j)’>1.(15)

For simplicity, we assumed the refraction index n, =1 in Egs. (14-15). Eq. (14) describes the
discrete spectrum of EM waves by discrete spatial vectors. The quantization of this equation by
using creation and annihilation operators in momentum space was developed in earlier work [14].

The non-classical behavior of super-resolution is related to the cooperation between n
photons increasing the wave vector to nk, and correspondingly decreasing the effective
wavelength to A/n [86] and there is a distribution over different n numbers. The role of
coherence in microsphere assisted microscopy has been described earlier [87]. Here the non-
classical behavior of super-resolution is related to the quantum coherence between a large
number of photons. We can describe this effect by taking the following example.

Cooperation between 5 photons which are propagating in the x direction will decrease the
effective wavelength to A/5. Such a wave is described as:

U (X, Y, 2) o<exp(-i5k,x) exp (-4.9K,z) ; (5k,)* - (4.9k,)? =k,”. (16)

A high resolution in the x direction leads to the strong decay in the z direction. By converting
the evanescent wave to propagating wave, this decay disappears but the quantum coherence
effect by which the effective wavelength is A/5. The quantum coherence effects are not changed
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by the transmission or reflection by the microsphere. In principle, there are many spatial modes in
the evanescent waves with different photon numbers n where the corresponding effective
wavelength is reduced to A /n.

The quantum effect that n photons lead to an effective wavelength of A/n has an important
implication related to the fact that the evanescent waves include the phases of the object. These
phases can be related to number-phase uncertainty relation in a quantum mechanistic manner.
Dirac was the first to quantify phases by an uncertainty relation AnA¢>1/2 following analogy of

the well-known position-momentum uncertainty relation. Dirac’s relation is problematic since it
requires A¢ to be larger than z for small An so that complicated analyses on number phase
uncertainty relations need to be carried out [88—89]. For the microsphere evanescent waves, the
radiation phases are proportional to 1/n (where n>1 and there is a distribution over different n
values) so that Dirac’s relation can be used as a fair approximation.

The fluctuations in the cooperative number of photons lead to changes in radiation phases. This
relation implies that one can use phase-contrast effects [32] to measure object phases especially
to measure the phase objects. For a phase object in which the changes occur only in the thickness
and index of refraction (e.g., certain semi-transparent biological tissue or cell), the conventional
measuring systems cannot observe such changes as they measure light intensity (i.e., amplitudes)
and not the phase changes. The phase-contrast measurements are based on the interference
between the radiation transmitted (or reflected) by the object and another reference radiation
system. Such interference converts phase changes into light intensity changes measured by the
combined system. In microsphere high-resolution systems such phase-contrast occurs naturally in
the system as the detectors measure the interference between the evanescent waves that include
the phases of the object and the nanojets are composed mainly of on-evanescent waves. Although
the microsphere system includes phase-contrast effects, for the better measurement of phase
objects, it is recommended to use additional reference radiation system which will increase the
phase contrast, as described in Section 5. Owing to the number-phase uncertainty relation, by
increasing the cooperative radiation number n, the phases, which are smaller than those obtained
in conventional phase contrast systems, can be measured (in equivalent explanation decreasing
the effective wavelength to A/n enables us to measure smaller phases).

4. Point Spread Function and Plasmon Interaction in Microsphere-Super-Resolution
Measurements

While we described in Section 2, the conversion of evanescent waves to propagating waves for
a special system, there is a more general approach to super-resolution related to point spread
function [90]. According to this approach [91], the spatial frequencies F(k',,k")) measured by
the detector of the microsphere system are given by the convolution of the object spatial

frequencies u(kx,ky)with the point spread function B(kx,ky)of the optical system

F(k',. k') =u(k,k, )*B(k,k,).(17)
where the symbol * represents convolution and Eq. (17) can be written more explicitly as
Fk'ok'y) = [ Ju(kk, Bk, —k,k',—k,)dk,dk, . (18)

—00 —00
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Different physical effects can lead to the point spread function that is obtained by the
combination of these effects. As is well known, the use of metals with plasmon interaction can
increase the transmission of EM waves by narrow slits [33-35] and increase the conversion of
evanescent waves to propagating waves [36]. We discuss here the possibility to use plasmon
interactions in microsphere experiments.

Most investigators agree that the original experiments conducted by Ebbesen et al. [33-35] are
related to coupling the light with surface plasmon (SP). SP appears at the interface between a
metal and dielectric material and has a combined EM wave and surface charge transfer. They have
a transverse component magnetic field and two components for the electric field (TM modes),
where the generator of surface charge requires an electric field normal to the surface. The SP
fields are excited when the momentum of the surface plasmon is equal to the EM wave vector
component that is parallel to the surface plasmon plus the reciprocal lattice vectors of the holes in
the metal as explained in earlier works [33-35]. For an array of holes in a thin film, the matching
condition is given by

ksp =k, £nG, £ mGy . (19)

Where K, is the SP wave vector and Ky, =(27/2)sin@ is the component of the incident

photons wave vector IZO in the plane of the grating. GX and éy are the reciprocal lattice vectors

where |GX =2r7/a, ; |Gy |=27/b,, a, and b, are the periods of the lattice and m,n are

integers. When the radiation is incident perpendicular to the plane of the grating k,, =0, the

dependence of the momentum matching conditions on wavelength enters through néx + méy .

The enhancement of transmission in the experiments conducted by Ebbesen et al. [33-35] was
based on previous work [36] on the convolution between the momentum transfer function of the

slits and the momentum distribution function of lzsp. One might note that the convolution
between the momentum distribution function Esp and the momentum distribution function

u(kx,ky) of Egs. (4-5) can lead to the conversion of evanescent waves to propagating waves. In a

study, microsphere assisted super-resolution optical imaging by plasmon interaction was reported
[92]. Such interactions are, however, very complicated in general cases and can change the image
in a way which is difficult to analyze. We notice that most experiments on microsphere super-
resolution were conducted with dielectric spheres without SP interactions.

5. Interference of Evanescent Waves (Converted to Propagating Waves) with Nanojets Confined
in Transversal and Axial Directions and Phase-Contrast Measurements

Accurate calculations of nanojets follow from solutions of Maxwell equations by Mie theory.
But such calculations do not give analytical results as they require summation of many
complicated terms. The nanojets produced in microsphere super-resolution experiments can be
described by the following simple approach explaining their main properties. We use geometric
optics as the first-order approximation. Then the diffraction effects are related to Bessel beams
superposed on the geometric optics trajectories.

As illustrated in Figure 2, EM wave is transmitted through the thin film of the object in a
perpendicular direction and is incident on the microsphere at point P. For most EM beams
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entering the microsphere, the distance between the object and point P is enough large so that
the evanescent waves decay before entering the microsphere while the propagating wave remains
(k. +k,” <n’k)’ ). The incident angle ¢, and the transmitted angle 6, are related by Snell’s law
n,sing, =n,siné; . As described in Figure 2, this wave is transmitted from the microsphere with
opposite angles, i.e., with the incident and transmitted angles 8, and 6, , respectively. The optical
ray transmitted through the microsphere intersects the symmetric z axis with angle . The
distance r between the symmetry z axis and the point P is given by r = Rsin(ﬁl). We get the
following relations:
6—a=p ; 6 +a=26,.(20)
Then we get:
P =26,-26;,.(21)
The distance f between the center of the sphere and the crossing point on the symmetry axis

is given by

f R Rsin g, r

- =— —> f = — = — .
sing, sing sin[26, —26,] sin[26, - 26, |

f is a variable focal length which decreases as a function of the incident angle 6, (or

(22)

equivalently as a function of the distance r of the point P from the symmetry axis z),

Assuming, for example n, =15 ; n, =1, we get f =1.486R for g, =10°, while for 6, = 45° we
get f =1.27R . The value f =1.486R is approximately equal to the paraxial approximation [56]
for the focal length given by f =(nR/2(n—1) =15R . Thus f becomes smaller for larger values
of &, for which the paraxial approximation is not valid. The variable f is related to the optical
depth already obtained from geometric optics but can be given via more rigorous calculations by
Mie theory for the photonic jet. This optical depth is important for the interference of the

evanescent waves (converted to propagating waves) and the nanojet in microsphere experiments.

One can use the geometric approach to get approximate results for the location of the image
and its magnification by using the relation: 1/a+1/x =1/ f where a is the distance of the object

from the center of the microsphere C and x is the distance of the image from this point.
Assuming that the object is below point C by the distance R+ , where ¢ is a small distance, we

R+0)f
getl/x=1/f —1/(R+5)—)X:%. In case of most situations, f > R+J then we get a
+ J—
negative value of X with virtual image. The magnification is given by
M:E:X/(R+5):;. So that when R+d8—f is a very small number, the
a R+o-f

magnification becomes very large but is restricted by the field of view of the microscope. We find
that the geometric optics can explain some important features of microsphere experiments.
Thus far, we considered the geometric optics description. The present idea is that we have to

take into account the spherical symmetry by superposing Bessel beams on the trajectory of
geometric optics. As the spherical Bessel beam depends on the angle B, we need to solve the

physical optics wave function w(p,z,t), in cylindrical coordinates [93-95]. For each value of £,

the solution is given by

w(p.2t)=F(p,B)exp[—i(kz—at)] ; p=x*+y*.(23)
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The exponential function describes non-diffracted propagation in the z direction for one Bessel
beam, where z is the distance from the focal plane of this wave, p is the distance from the

symmetric axis and g is given by Eq. (21). Substituting Eqg. (23) in the wave equation
Viy(p,z2,t) =(1/¢%)(8% 1 0t* )y (p,2,t) we get[93, 94].

2
d F(szﬂ) _}_ldF(paﬂ) +(k2_k22)|:(p1ﬁ)=0 (24)
dp p dp
In this case, we used the azimuthal symmetry of the wave function including the relation

k? = @’ / ¢ . The solution of Eq. (24) that has the bright core on the symmetric axis is proportional

to the Bessel function of order 0, so that [94].
F(p,B) < (pksing) ; (ksinp)" +k2=k>2. (25)
The central bright core of the Bessel function has a radius [93]:
2.405 2.405
P =ising  ksin[26,—26,] 0
Since we have rays with different crossing angle , we need to use superposition of the

solutions (23-25) with continuous values of # and with different weight parameters [94]. The

nanojet is obtained in such a qualitative description by the superposition of the different bright
cores. The radius over incident angles corresponds approximately to the width of the nanojet [94].
However, more rigorous results are obtained by Mie theory calculations.

One should notice that the solutions given by Egs. (23-26) correspond to the boundary
condition by which the nanojet light is maximal on the symmetry axis. By engineering center
covered microspheres [96-98], the boundary condition is changed and the contribution of high
order Bessel functions becomes important. Such systems have been studied in detail and referred
to as dark field microscopy [96-98].

As explained above in Section 3, the quantum interpretation of super-resolution by evanescent
waves is related to cooperative effects between n photons where the effective wavelength is
reduced to A/n and there is a quantum distribution in the 2-D and/or 3-D object over various n
values. From the experimental point of view, it means that the evanescent waves include the
phases of the objects (proportional to the optical distance, i.e., to the geometric path multiplied
by the index of refraction which varies at different points of the object). In order to extract such
information, one should use interference between the evanescent waves (converted to
propagating waves) and light from a reference system. In the usual experiments on microspheres,
we naturally have such interference between the evanescent waves and the nanojet, which is
produced mainly from beams far from the contact point, for which the evanescent waves decay
before entering the microsphere. The interference between the evanescent waves and the
nanojets includes phase-contrast effects. Such effects are especially important for the visualization
of biological matter where besides the changes in amplitude of the transmitted EM wave, changes
also occur in the phase. Super-resolution measurements of different kinds of biological systems
have been reported [99-101]. The combination of microsphere-assisted 2D imaging with low
coherence phase-shifting interference microscopy was studied [102]. The phase-contrast imaging
can be enhanced by using a beam splitter, which divides the EM wave to a part which is
transmitted or reflected from the object and another part used as a reference beam. The
interference between these two parts can be used for phase-contrast measurements. The
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guantitative phase imaging in biomedicine was presented in detail [103]. In cells and biological
tissues, only changes in the thickness of objects and refraction index can be observed by phase-
contrast measurements. Digital holography for quantitative phase-contrast imaging was
developed, in which numerical hologram reconstruction was described [104, 105] and these
methods were applied for phase-contrast imaging by microspheres [106, 107]. Microsphere-
assisted super-resolved Mirau digital holographic-microscopy has also been attempted [108, 109].
In the Mirau interferometry, the interferometric system consists of a single microscope objective,
and the reference wave is obtained by reflection from a small mirror that is built inside the
objective.

6. Summary Discussion and Conclusion

In the present work, we analyzed the relations between microspheres’ super-resolution and the
properties of evanescent waves transmitted or reflected by the microspheres. The fundamental
condition for converting evanescent waves to propagation waves was derived from Eq. (12) with
an approximation given by Eq. (13). It was shown that these equations are in agreement with
experiments carried out using microspheres with high refraction index. The role played by
microspheres with liquid immersed material was clarified by comparing the results with the Abbe
resolution limit.

The evanescent waves enable us to observe the fine structures of the object which are better
than the Abbe resolution limit since they have high spatial lateral modes for which, k >+ ky2 >k? .

However, since the evanescent waves are transformed to propagating waves by the microspheres,
such relation does not hold in the microspheres anymore so that the question arises how the high
resolution is conserved? In Section 3, we explained that the evanescent waves introduce a
guantum coherence between n photons (n>1) and there is a distribution over different n

numbers, which is preserved during the transmission or reflection by the microsphere. This
distribution is described by Fourier series expansion of U(x,y) given by Eq. (14). The decay of

evanescent waves with momentum quantum numbers m(i) and n(j) (i=1or2 ; j=1or2 ) is

given by Eq. (15). The relation between this quantum effect and the number-phase uncertainty
relation was discussed in Section 3.

As described in Section 4, a general relation between the lateral spatial modes of the object
and those of the image is given by the convolution between the point spread function B(kx,ky)

and the object’s lateral distribution u(kx,ky) as given by Egs. (17-18). There might be different

mechanisms for producing the point spread function. The enhancement of radiation transmittance
through arrays of narrow holes in thin metallic films was related to the experiments of Ebessen et
al. [33-35], in order to couple light with surface plasmons (SP). As analyzed in previous work [36],
such enhancement of radiation was related to the convolution between the evanescent
momentum transfer function of the slits and the momentum distribution function of SP. It was
shown in various experiments that SP can increase the super-resolution effects by the
microspheres. As explained in Section 4, this effect can also be related to the convolution between
spatial distribution of the evanescent waves and those of the SP. However, the relations between
the object and its image obtained by this technique are quite complicated (including loss effects)
and difficult to analyze. Such experiments were found to be useful for obtaining good images only
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in certain special cases. Most experiments on microsphere super-resolution were conducted
without considering plasmon interactions.

The role played by the nanojet in microsphere super-resolution experiments is discussed in
Section 5. The nanojet is produced near the focal plane where its width is smaller than the
wavelength and this width remains unchanged for some wavelengths. While the evanescent
waves propagate near the symmetry axis, the nanojet is produced mainly by EM waves, which are
incident far from the symmetry axis and their evanescent waves decay before entering the
microsphere. Although the intensity of a nanojet, which is proportional to the number of
transmitted photons n is much stronger than that of the evanescent waves. Super-resolution is
obtained by changing An, i.e., the number of photons, and these changes are effected mainly by
evanescent waves. The interference between the nanojet and the evanescent waves (converted to
propagating waves) increases the light intensity of the image and leads to phase-contrast effects
which are efficient for visualization of biological systems. Such interference is valid due to
confining the nanojet to a small region so that it is located at the same place as that of the
evanescent waves (converted to propagating waves).

As described in Figure 2, by using the approximations of geometric optics for the trajectories of
the EM beams producing the nanojets, we get two fundamental outcomes: a) Crossing angle g3 of
the trajectory of geometric optics with the symmetry axis z is given by Eq. (21). b) The variable
focal distance f between the center of the sphere C and the crossing point on the symmetric

axis is given by Eq. (22). The focal length f decreases as a function of the incident angle 6, and

describes the optical depth in microsphere experiments, which is obtained in more rigorous
calculations by the Mie theory. Using the trajectories of geometric optics, approximations were
given to the location of the image and its magnification.

The solution by physical optics for the nanojet was given by superposing spherical Bessel beams
on the trajectories of geometrics optics. The wave function solution for a certain incident angle 6, ,

with the corresponding crossing angle £, is given by Egs. (23-26), where F(p, ) is the azimuthal

part of the wave function and in the z direction, we have a non-diffracted propagating plane wave.
In this condition, we used the spherical symmetry of the microsphere, where p is the distance

from the symmetry axis. For a general case for which we have a bright core on the symmetric axis,
the solution for F(p, ) is proportional to the Bessel function of order O, as given by Eq. (25).
Since the incident angle 6, with the corresponding crossing angle £ is changing as a function of

the incident point on the microsphere, one may get a perfect outcome by the superposition of
Bessel functions and changing it continuously as a function of the incident angle. An estimate of
the width of the nanojet, which is in agreement with the experiment was given earlier [94] by
using Eq. (26) with an average value for the parameter £ . Itis interesting to note that in darkfield
microscopy where the center covers microspheres, the zeroth-order Bessel function should be
exchanged to high order Bessel function solutions to satisfy different boundary conditions.

The interference between evanescent waves (converted to propagating waves) and the nanojet
includes phase-contrast effects, which are important for the visualization of biological systems.
The phase-contrast effects can be increased by using interference between the radiation
transmitted or reflected by the microsphere and that of a reference EM beam. The visualization
can then be performed by using holographic methods.
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