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Abstract 

Due to the increasing need to further develop the world gas and oil industry and the increased 

public attention to clean energy sources, studying and preventing Hydrogen Induced Cracking 

is one of the main safety concerns in nuclear power plants, oil pipelines and platforms. In this 

article, the growth and incubation times for internal Hydrogen Induced Cracks (HIC) are 

examined. Specifically, these times are modeled in two separate phases - the first phase (I) is 

a long time approximation, when the crack growth is believed to be slow such that the 

equilibrium state for gas concentration establishes instantaneously, and the stationary 

diffusion problem can be solved for each moment of time. The second phase (II) is a short 

time approximation, when the crack growth is rapid and the concentration of atomic 

hydrogen is dependent on time. Closed-form solutions are obtained in both cases and are 

then coupled using a Padé approximation. 
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1. Introduction 

Hydrogen embrittlement – also referred to as hydrogen induced internal cracks or hydrogen 

delamination – is a well-documented and much-observed process that impacts many kinds of metals 

in a hydrogen saturated environment (e.g., [1-6]). The negative effects of hydrogen embrittlement 

include internal and external blistering, which lead to decreased load, tension, and stress capacities 

[1, 4, 7, 8]. Hydrogen embrittlement also leads to the failing and bursting of metal components such 

as pipes and boiler tubes (e.g. Figure 1 and Figure 2) [9-11], and decreased efficiency in nuclear 

fusion reactors [12, 13].  

 

Figure 1 Sudden rupture of oil pipeline (Wikipedia). 

 

Figure 2 Hydrogen induced cracking of pipeline (Wikipedia). 

A recent Wall Street Journal review (Wikipedia) found that there were 1,400 pipeline spills and 

accidents in the U.S. between 2010 and 2013 due to defective pipelines. Our research will provide 

oil engineers with simple and robust formulas that can be used to estimate when defective pipeline 

should be replaced. This will help reduce spills and accidents that cause property damage and 

worker fatalities. 

Multiple factors effect hydrogen embrittlement, including crystallographic orientations, grain 

boundaries, dislocations, and hydrogen trapping (e.g., [1, 4, 8, 11, 14, 15]). The orientation and 

layout of grain boundaries have a significant impact on crack formation, especially since 

deformations and cavities are often positioned along the grain boundaries (e.g., [1, 8, 16, 17]). 

Hydrogen diffuses through the material and collects at these vulnerable points, leading directly to 

internal cracks [18]. Hydrogen embrittlement has been investigated in numerous ways and in many 

contexts. Many experiments focus on piping and boiler tubes, since these are the most common 

victims of hydrogen embrittlement [9-11, 19]. Hydrogen embrittlement is a huge obstacle for 
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hydrogen fusion research, since the interiors of tokamaks are bombarded with hydrogen [4, 12, 13]. 

Many experiments are performed to test the susceptibility of certain metals to hydrogen 

embrittlement [3-5, 10, 20]. 

Multiple phenomenological models have been put forward to describe hydrogen embrittlement, 

each focusing on specific aspects of the problem (e.g., [21-24]). Benannoune et al. [12] proposed a 

model based on a generalized version of Oriani’s Approximation for hydrogen trapping that 

simulates hydrogen charging and discharging in materials. Martinez-Paneda et al. [25] developed a 

model that predicts crack growth and failure stress sensitivity based on hydrogen diffusion, chemical 

potential gradients, and first principles calculations. Gibala et al. [17] examine various factors for 

developing analytical models, and they give an equation for finding the number of vacancy traps for 

hydrogen in a given material based on its molecular structure. Huang et al. [26] give a model that 

quantifies hydrogen embrittlement by evaluating the coalescence of small fractures. 

Toribio and Kharin [27] developed a model that is centered around the concentration of 

hydrogen in the metal, since cracks occur when this concentration reaches a critical point. They 

examined the hydrogen concentration by looking at grain and crystal irregularities, which affect the 

diffusion of hydrogen and cause it to deviate from Fickian behavior. Their model combines several 

known diffusion models into a continuous model based on random-walk theory. 

Wu et al. [28] offer a coupled model for the kinetics of crack growth in phases I and II as the stress 

intensity factor (SIF) increases. Both phases are influenced by hydrogen diffusion, but the rate of 

crack growth, da/dt, increases steeply in phase I and is nearly linear in phase II. They explain this 

difference as a change in the SIF KI. In analyzing crack growth, they base their model off the gradient 

of the chemical potential µ, linear-elastic fracture mechanics, and the velocity of a hydrogen atom. 

The chemical potential is important since it determines hydrogen diffusion and thus crack growth 

in all phases. Fracture mechanics provides the background or field in which the crack occurs. Their 

proposed coupled model for the rate of crack growth is proportional to the change in the SIF and 

the length of the crack. As with several other models mentioned above, their model fits with 

experimental data. 

The models described above give good explanation and description to the processes during 

Hydrogen Embrittlement. However, due to the complexity of the phenomenon, not too many works 

are available, which give exact analytical solutions at the end. The work presented in this paper 

proceeds directly from that conducted previously [29-31]. In the former works, an analytical model 

of the surface crack, or delamination, growth was presented. In the present paper an analytical 

model for internal HIC growth is introduced and closed-form solutions for crack growth times in 

long- and short-time approximations are obtained, which will give simple and robust estimates for 

the longevity of equipment operating in harsh hydrogen-saturated environments.  

2. Internal Crack Growth under Hydrogen Diffusion 

Let us consider an internal crack with a penny-shaped form, having an initial radius a0 in infinite 

media, which is saturated with gas of concentration c0 (Figure 3). In the material, gas is in atomic 

form, and it diffuses into places of high stress concentration, usually small voids and cracks. Inside 

these cracks it reforms into molecular form, and if the gas pressure is not too high, it gets trapped 

and starts accumulating there (Figure 3).  
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Figure 3 Mechanism of hydrogen induced cracking. 

When gas pressure reaches the value at which the critical conditions at the crack contour are 

met 

𝐾𝐼𝑐 = 2𝑝√
𝑎

𝜋
(1) 

then the crack starts growing. Taking into account equation (1) and the relation between the critical 

stress intensity factor, 𝐾𝐼𝑐, and the critical surface energy, 𝛾𝑐, the expression for the gas pressure p 

can be expressed as: 

2𝛾𝑐 =
(1 − 𝜈2)𝐾𝐼𝑐

2

𝐸
=
(1 − 𝜈2)4𝑝2

𝐸

𝑎

𝜋
(2) 

or 

𝑝2 =
2𝛾𝑐𝜋𝐸

4(1 − 𝜈2)𝑎
(3) 

The volume of the crack, the gas pressure, and gas mass are connected through the gas state 

equation: 

𝑝𝑉 = 𝑚𝑅𝑇 (4) 

where R = 8.314 J/(mole × °K) is the ideal gas constant. 

If the crack volume increases, the gas pressure drops according to (4), and the critical stress 

conditions are not met at the crack contour. Thus, the crack stops growing, waiting for new gas 

accumulation (Figure 4). This is why hydrogen induced cracking typically occurs at a very slow speed.  
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Figure 4 Internal crack growth under the pressure of gas accumulated in the crack. 

The crack aperture for the internal crack can be written as 

𝑤(𝑟) =
4(1 − 𝜈2)𝑝

𝐸𝜋
(𝑎2 − 𝑟2)

1
2 (5) 

and we can find the volume V of the crack by integrating (5) over the crack area 

𝑉 =
16(1 − 𝜈2)𝑝𝑎3

3𝐸
(6) 

To obtain a kinetic equation for the crack radius a(t), the expressions for the gas pressure p from 

(2), (3) and the volume V (6) in terms of a are substituted into the gas state equation (4): 

𝑎2𝛾𝑐 =
3𝑅𝑇

4𝜋
∫ 𝑄(𝑎(𝑡), 𝑡)
𝑡

0

𝑑𝑡 (7) 

where 𝑄(𝑎(𝑡), 𝑡) is the full gas flux into the crack and can be found from the gas diffusion problem: 

{
 
 
 

 
 
 
𝜕 𝑐

𝜕 𝑡
= 𝐷 [

𝜕2𝑐

𝜕 𝑧2
+
1

𝑟

𝜕

𝜕 𝑟
(𝑟
𝜕 𝑐

𝜕 𝑟
)] (𝑡 > 0,  𝑟 ≥ 0,  𝑧 < 0)

𝑐(𝑟, 𝑧, 𝑡) = 𝑐0 (𝑧 → −∞,   𝑡 > 0)

𝑐(𝑟, 𝑧, 𝑡) = 𝑐0 (𝑧 < 0,   𝑡 = 0)

𝑐(𝑟, 0, 𝑡) = 0  (0 ≤ 𝑟 ≤ 𝑎(𝑡),   𝑡 > 0)
𝜕 𝑐

𝜕 𝑧
(𝑟, 0, 𝑡) = 0   (𝑟 > 𝑎(𝑡),   𝑡 > 0)

(8) 

We consider the crack an ideal sink, with an atomic hydrogen concentration of 0. In general, it is 

known that this diffusion problem does not have solutions for a circular crack. However, it is possible 

to solve it first with a quasistationary approximation, where we assume the crack moves very slowly 

(long-time approximation); and second as a transient case, where we assume the crack moves very 

quickly (short-time approximation). We can then connect these two extreme cases through a Pade 

approximation.  
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3. Internal Crack Growth for Long Times  

For the long-time approximation, we assume that the crack growth time t is much greater than 

the time to establish the stress equilibrium, or a2/D << t, where a is the current crack radius and D 

is the gas Diffusion coefficient, and on each time step we can solve the stationary diffusion problem: 

{
 
 

 
 

𝛥𝑐 = 0(𝑡 > 0,  𝑟 ≥ 0,  𝑧 < 0)

𝑐(𝑟, 𝑧, 𝑡) = 0 (𝑧 → −∞,   𝑡 > 0)

𝑐(𝑟, 0, 𝑡) = −𝑐0  (0 ≤ 𝑟 ≤ 𝑎(𝑡),   𝑡 > 0)

𝜕 𝑐

𝜕 𝑧
(𝑟, 0, 𝑡) = 0   (𝑟 > 𝑎(𝑡),   𝑡 > 0)

(9) 

where we also subtracted the equilibrium gas distribution 𝑐𝑜. Solving this boundary-value problem 

for the derivative in the crack area, r < a, we can derive the gas flux inside the crack q = -D∂c/∂z as 

follows (e.g., [32]): 

𝑞 =
2

𝜋
∙

𝑐𝑜𝐷

√𝑎(𝑡)2 − 𝑟2
(10) 

which can then be integrated over the area of the crack to find the total flux, Q: 

𝑄 = ∫ ∫ 𝑞
𝑎

0

2𝜋

0

𝑟𝑑𝑟𝑑𝜃 = 4𝑐𝑜𝐷𝑎(𝑡) (11) 

After substituting expression (10) into (7) the kinetic equation for the crack radius a(t) can be 

obtained in the form: 

𝑎2𝛾𝑐 =
3𝑅𝑇𝐷𝑐𝑜

𝜋
∫ 𝑎(𝑡)
𝑡

0

𝑑𝑡 (12) 

The incubation time, ti, which is the time it takes to reach the critical conditions at the crack 

contour, can be found from equation (12). The radius of the crack at that time is still a0 and therefore 

does not depend on time and the integral can easily be taken, which yields the expression: 

𝑡𝑖 =
𝑎𝑜𝛾𝑐𝜋

3𝑅𝑇𝐷𝑐𝑜
(13) 

After solving the integral equation, the expression for the crack radius a depending on time t, in 

the long-time approximation, can be obtained in closed form as follows: 

𝑎(𝑡) =
3𝑅𝑇𝐷𝑐0
2𝛾𝑐𝜋

𝑡 + 𝑎𝑜 (14) 

or in unidimensional form: 

𝑎′(𝑡′) =
1

2
𝑡′ + 1 (15) 
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where the normalized crack radius, a = a/a0, and the normalized growth time, t/ti (Figure 5). As 

equations (14) and (15) show, internal cracks propagate at a constant velocity. As gas diffuses into 

the crack, increasing the pressure, the crack also grows concurrently, increasing the volume. These 

two changes balance each other out, preventing the increasing gas pressure (from fluid diffusing 

into the crack) or the decreasing the gas pressure (from the increasing volume) from dominating. 

The result is smooth, constant-velocity crack growth. Slow crack growth, at constant speed, is typical 

for hydrogen embrittlement and confirmed by numerous experiments (e.g., [18, 33, 34]). 

 

Figure 5 Normalized crack radius, a = a/a0, as a function of the normalized growth time, 

t/ti, for short (solid line) and long (dotted line) times. 

4. Internal Crack Growth for Short Times  

The solution arrived at above is valid for a long-time approximation, where t >> a2/D. It also 

provides an upper bound for growth time, t(a). As mentioned earlier, the diffusion problem (8) in 

general cannot be solved in closed form but can only be solved numerically [35]. However, following 

Germanovich and Kill' [36], it is possible to obtain a closed form asymptotic solution for the transient 

diffusion into a growing fracture in the case of short times, t << a2/D. 

When the crack propagates quickly, the main contribution into the gas diffusion is provided by 

the flux in z-direction, whereas the flux in radial direction is less by one order of magnitude [37]. In 

this case, we can neglect the gas distribution in the radial direction and solve the boundary value 

problem (8) with the assumption that it does not depend on r [36], which makes it 1-dimensional 

approximation. The solution of the transient 1-dimensional diffusion problem is known (e.g., [38]): 
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𝑐(𝑧, 𝑡) = {
−𝑐0𝑒𝑟𝑓

𝑧

2√𝐷 𝑡
(𝑟 < 𝑎0), erf(𝑥) =

2

√𝜋
∫𝑒−𝜂

2
𝑑 𝜂

𝑥

0

0      (𝑟 > 𝑎0)

(16) 

Then the expression for the integral gas flux through the crack surfaces q = -D∂c/∂ z (z = 0, 0 ≤ r 

< a) can be written: 

𝑞 =
𝑐𝑜√𝐷

√𝜋𝑡
(17) 

and the total flux through the crack area is:  

𝑄 = ∫ ∫ 𝑞
𝑎(𝑡)

0

2𝜋

0

𝑟𝑑𝑟𝑑𝜃 =
𝑐𝑜𝑎(𝑡)

2√𝜋𝐷

√𝑡
(18) 

Equation (7) is still true, although Q is now expressed by (18), and the kinetic equation of the 

growing crack with the radius a(t) in short time approximation can be expressed as follows: 

𝑎2𝛾𝑐 =
3𝑐𝑜√𝐷𝑅𝑇

4√𝜋
∫
𝑎(𝑡)2

√𝑡

𝑡

0

𝑑𝑡 (19) 

Taking into account that during the incubation time, ti, the crack radius a(t) = a0, we can easily 

integrate the right-hand side of the equation (19), which readily gives us the expression for the 

incubation time: 

𝑡𝑖 =
4𝛾𝑐

2𝜋

9𝑐𝑜2𝐷𝑅2𝑇2
(20) 

After differentiating both sides of (19) and solving the differential equation, the closed form 

solution how the crack radius a(t) changes with time t can be obtained in the form: 

𝑎(𝑡) = 𝑎𝑜𝑒
3𝑐0𝑅𝑇√𝐷𝑡

4√𝜋𝛾𝑐 (21)
 

or in unidimensional form: 

𝑎′(𝑡′) = 𝑒
1
2
√𝑡′ (22) 

The results show that in short-time approximation, t << a2/D, the internal crack radius a grows 

exponentially with time. Note that since the accurate, higher-dimension solution was replaced with 

a 1-dimensional approximation (21) by neglecting higher-order terms, the gas influx into the crack, 

Q(t), increases, which gives us a lower estimate for the crack growth time in the short-time 

approximation. 

5. Analysis of Results and Pade Approximation 

Closed-form solutions for the Hydrogen Induced internal crack incubation period, ti, and growth 

time, t, have been obtained in the long, a2/D << ti ≤ t, and short, ti ≤ t << a2/D, time approximations 
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(Figure 5 and Figure 6). To choose which one of these asymptotics is applicable in each particular 

case, we should first compare the incubation periods (13) and (20) to the characteristic diffusion 

time scale, t0 = a0
2/D, where a0 is the initial crack radius. If t0 is smaller than ti, an analytical formula 

(14) for the long-time approximation is applicable. Otherwise, expression (21) for short time should 

be used. 

 

Figure 6 Normalized incubation time, t = ti/t0, as a function of the normalized hydrogen 

concentration, c = c0/c*, for short- and long-time approximations (solid and dotted 

curves correspondingly), and as a Padé approximation. 

In Figure 5, the dependence of the normalized crack radius, a = a/a0, on the normalized growth 

time, t/ti, is presented, for long (dotted line) and short (solid line) time approximations. Depending 

on the comparison of the growth time t with the characteristic diffusion time, t0 = a0
2/D, the long 

time or short time approximation should be chosen, and then either formula (14) or (21) should be 

used to estimate the longevity of the structure.  

Figure 6 shows the dependence of the normalized incubation time, 𝑡𝑖
′  = ti/t0, on the 

dimensionless gas concentration in the material, c0 = c0/c*, where c* = 2𝛾/(a0RT) and t0 = a0
2/D. 

Long-time (13) and short-time (20) approximations for the incubation times depending on hydrogen 

concentration can be rewritten correspondingly in the following unidimensional form 

𝑡𝑖𝑙
′ =

𝜋

6𝑐𝑜′
(23) 

for long times, and  

𝑡𝑖𝑠
′ =

𝜋

9𝑐𝑜′
(24) 
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for short times. A dotted line and a solid line in Figure 6 correspond to the incubation times in the 

long- and short-time approximations, respectively. For these approximations to be applicable, ti 

should not be too close to t0. From a practical standpoint though, long- and short-time solutions are 

nearly equal near ti ≈ t0 (𝑡𝑖
′ = 1 in Figure 6) so that no interpolation is really needed between these 

approximations. However, if one wishes to have a single expression covering both cases, it can easily 

be done by using, for instance, a Padé asymptotic approximation (e.g., [39]). Then, the expression, 

which has the exact asymptotic properties for short and long times, can be written as 

𝑡𝑖𝑝
′ =

𝜋

6𝑐𝑜′ + 9𝑐𝑜′2 − 𝐴 ∙ 3√6𝑐𝑜′
3
2⁄

(25) 

where A should be chosen on the intersection of both curves on the graph 

𝑡𝑖𝑙
′ = 𝑡𝑖𝑠

′ (26) 

which yields 𝐴 =
2

3
, and thus, the final Padé approximation is: 

𝑡𝑖𝑝
′ =

𝜋

6𝑐𝑜′ + 9𝑐𝑜′2 − 2√6𝑐𝑜′
3
2⁄

(27) 

Similar considerations apply to the period of the crack growth. As (15) shows, in the long-time 

approximation, the crack grows with a constant velocity that does not depend on its radius, a, and 

thickness, h. The growth time, t, should now be compared to the characteristic relaxation time, td = 

a2/D, which, contrary to t0, is not a constant but, obviously, has a meaning of the diffusion time scale 

corresponding to the changing crack radius, a. For t > td, the hydrogen concentration, c, can be 

considered steady because the diffusion process has enough time to adjust the concentration for 

every crack growth increment. In contrast, for t < td, the diffusion process is essentially transient 

and cannot be considered stationary, which implies that the short time approximation should be 

used in this case. 

From Figure 6 we can find the critical concentration that limits the use of the quasi-static solution, 

which is c0≈ 0.75, the point of the intersection of two curves, for long times and short times. For 

high hydrogen concentration, c0, the incubation period becomes sufficiently short, so that the 

short-time approximation can be used (Figure 6). When the short-time approximation is valid for 

the incubation period, t < ti, it will also be valid for further crack growth, t > ti. In fact, it becomes 

more and more accurate because the crack grows faster than diffusion can relax the concentration 

gradient. The long-time solution is inapplicable in this case since t < td. For smaller initial 

concentration, c0, longer time, ti, is required for the crack to start growing because the same 

amount of gas hydrogen as before still needs to accumulate inside the initial crack.  

6. Discussions 

Expression (21) shows the radius of the hydrogen driven crack, a(t), grows with time 

exponentially for short-time approximation, or for the last, fast, stage of the crack growth. In the 

long-time approximation, when the crack moves slowly, or at the initial stage, from our calculations 

the crack radius grows with time at a constant speed accordingly to the formula (14): 
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𝑎(𝑡) =
1

2𝛼
𝑡 (28) 

where 

𝛼 =
𝜋𝛾𝑐

3𝑅𝑇𝑐0𝐷
(29) 

A very slow stable growth is typical for Hydrogen Induced Cracks (HIC), and it is confirmed by 

many experiments on hydrogen embrittlement (e.g., [40, 41]). In our model it corresponds to a long-

time approximation, and formula (28) is of a primary interest in evaluating durability of the 

equipment operating in hydrogen environment. 

The developed model will now be used for the analysis of kinetics of a penny-shaped crack 

growing in metal exploited in conditions of hydrogen embrittlement. The typical range of KIc for 

hydrogen charged steel is 1 to 70 MPam1/2 (e.g., [42-44]). Using 2γ = KIc
2 /(E/(1 − v2)), we accept 

the somewhat intermediate, order-of-magnitude value of 𝛾c ≈ 5 kJ/m2.  

Concentration of the atomic hydrogen c0 in low alloy steel is observed to vary in the range of 10-

9 to 10-5 mol/mm3 according to (e.g., [45, 46]). Here, for model calculation, we assume c0 be 10-8 

mol/mm3 (e.g., [47, 48]). 

The coefficient of proton diffusion, D, for steel varies in the range of 10-10-10-7 mm2/sec according 

Beggs and Hahn [40] and Thomson [49], and in the range of 10-5 to 10-4 mm2/sec according to 

Yokobori [50]. As described by Sunami et al. [45], Goldstein et al. [51] and [52], for low alloy steel, 

D, can be as high as 10-3 mm2/sec. For this model we assume D = 10-6 mm2/sec. 

We will introduce just one example of calculations of the metal durability for typical properties 

of metals and hydrogen concentrations. From (28) the hydrogen crack is spreading at the speed:  

𝑣 =
1

2𝛼
(30) 

and with chosen for the model calculations properties of the metal and T = 300 °K the hydrogen 

induced crack speed is v = 2.17 × 10-9 mm/sec, and the crack with the initial size of a = 1 mm reaches 

the radius of a = 10 mm during time t = 139 years. However, depending upon the parameters and 

properties of the metal and hydrogen concentration, the metal durability (life-to-failure) varies 

rather considerably, i.e., from hours to decades. 

7. Conclusions 

In this work, we obtained a closed-form solution for the diffusion-controlled axisymmetric 

internal fracture growth. In general, an analytical solution for a penny-shaped crack growth under 

gas diffusion does not exist. However, it is possible to solve it for two time scale approximations. 

First, the hydrogen induced crack grows at a slow pace, and the problem was solved in steady-state 

approximation. As time continues, hydrogen accumulates in the crack and increases the pressure to 

a point where the crack starts growing quickly and a long time approximation is no longer applicable. 

For very fast growth, a transient elastic-diffusion problem was solved in short approximation. In 

addition, a critical maximum gas concentration was found, when the long time approximation stops 

working, and a short-time approximation should be used. Even though we cannot solve the problem 
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for times between these extreme two-case scenarios, we can then combine these two asymptotic 

solutions through the Pade approximation, obtaining the complete curve showing incubation time 

for any time.  

The obtained analytical solution gives a quick and robust estimate for the longevity of a pipeline. 

By evaluating the size of different defects by methods of nondestructive control and modeling them 

as circular defects with approximately the same area, we can evaluate how long it would take for 

the defect to reach a critical size, and make recommendations whether the piece of the pipeline 

needs to be replaced.  

Closed form solutions for long and short times showed that the internal hydrogen induced crack 

grows differently at different time scales. For long time approximation, or for small hydrogen 

pressures inside the crack, it grows at a constant speed, which is confirmed by many experiments, 

and it could take tens or even hundreds of years for it to reach a critical size, depending on hydrogen 

concentration in metal and its properties. Then, with hydrogen accumulating and building up 

pressure, cracks accelerate and grow exponentially, which eventually would lead to the break of this 

piece of the pipeline. The estimate for the longevity of a pipeline based on the long-time 

approximation only always gives us the upper estimate, based on the principal of maximum for the 

steady-case diffusion problems compared to the transient ones (e.g., [53]). 

In this paper, we do not take into account the influence of stresses on the gas flow. Even though 

it can be significant for high strength steels (e.g., [54]), most of the equipment operating under 

hydrogen embrittlement conditions are made of moderate strength steels, where this effect is 

negligible (e.g., [55]). 
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