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Abstract 

By the adoption of a drag-buoyancy equality model, analytical solutions were obtained for the 

drag coefficients (CD) of Taylor bubbles rising steadily in pipes. The obtained solutions were 

functions of the geometry of the Taylor bubble and the gas volume fraction. The solutions 

were applicable at a wide range of Capillary numbers. The solution was validated by 

comparison with experimental data of other investigators. All derived drag formulas were 

subject to the condition that Bond number >4, for air-water systems. 
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1. Introduction  

Taylor bubbles characterize the slug flow pattern of two-phase gas–liquid flows in pipes. These 

are long gas bubbles with bullet-shaped nose, separated by slugs of liquid filling the entire cross-
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section of the pipe. This flow pattern occurs in several industrial applications, such as the steam 

generator of the pressurized water rector, boilers, petroleum industry, desalination processes, etc… 

Steam-filled Taylor bubbles can sometimes collapse due to the injection of subcooled water and 

thus creating a water hammer with destructive consequences. Accident of this type occurred in San 

Onofre nuclear power plant in 1985 [1]. 

Two types of Taylor bubble shapes are encountered, in practice, one with a round 

(hemispherical) leading head and an almost flat trailing end seen in the low viscosity liquids, and 

the other has a spherical leading and trailing ends, seen in highly viscous liquids as shown in Figure 

1. These phenomena were clarified and fully explained by the results of the experiments of Campos 

and Guedes De Carvalho [2]. The steady state rise terminal velocity of the Taylor bubble in stagnant 

liquid is given by the following equation of Dumitrescu [3] 

𝑈 = 0.4949√𝑔𝑅 (1) 

where 𝑅  is the tube radius and 𝑔  is the acceleration due to gravity. The liquid viscosity was 

neglected in the development of this equation, because it was based on inertia-dominated regime. 

Davies and Taylor’s [4] equation was similar to Eq. (1) but the constant was 0.464.  

 

Figure 1 The two types of Taylor bubbles rising in (a) highly viscous liquid. and (b) Less 

viscous liquid. 

Zukoski [5] and White and Beardmore [6] confirmed the applicability of Eq. (1). Clanet et al. [7] 

indicated that Eq. (1) is limited to Bond number (Bo >4) for air-water systems. Here 𝐵𝑜 =

𝑅 √𝜎 𝜌𝑔⁄⁄ . Where 𝜎 is the surface tension, 𝜌 is the density of the liquid, and 𝑔 is the acceleration 

due to gravity. 

Ishii and Mishima [8] obtained the following equation for the drag coefficient of the Taylor 

bubble in slug flow 

𝐶𝐷 = 9.8(1 − 𝛼)3 (2) 
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Here 𝛼 is the gas volume fraction. This equation was not validated by any investigator, as far as 

the author is aware. In this equation 𝐶𝐷 decreases with volume fraction, contrary to the author’s 

results of the increase of 𝐶𝐷 with the increase in the interfacial surfaces of spherical bubbles [9]. It 

should be noted that 𝐶𝐷 of this equation does not depend on liquid properties. 

Bretherton [10] derived the following equation for estimating the thickness (𝑚) of the thin liquid 

layer between the inside tube wall and the bubble surface (see Figure 2). 

 

Figure 2 Partitions of the various flow regions around the flat-ended Taylor bubble. 

𝑚 = 1.34𝑅𝐶𝑎
2
3 (3) 

Here 𝐶𝑎 represents the capillary number (𝐶𝑎 = 𝜇𝑈/𝜎), where 𝜇 is the dynamic viscosity, 𝑈 is the 

bubble velocity, 𝜎 is the surface tension, and 𝑅 is the radius of the tube. 

The theory of Bretherton [9] was recently modified and extended by Klaseboer et al. [11]. They 

found that the thickness of the liquid layer (𝑚) may reach (≈ 1/3) of the tube radius at 𝐶𝑎>2. 

Gawusu and Zhang [12] performed a numerical study of the Dynamics of Taylor bubble by taking 

into consideration the presence of the tiny dispersed bubbles in the wake of Taylor bubble. 

Tomiyama et al. [13] performed a numerical simulation of bubbly flow including Taylor bubble. They 

predicted the formation of bubble wakes and complicated nature of bubble coalescence. 

Baumbach et al. [14] appreciated the balance between the drag and buoyancy forces in their 

equation (3.1) of motion of the Taylor bubble in pipes. Under certain flow conditions, the liquid slug 

length 𝐿𝑓 region contains small spherical bubbles (Brauner and Ullmann [15], Pinto et al. [16]). 

The aim of the present work is to present an analytical solution for the drag forces during the 

rise of Taylor bubbles in stagnant liquids in pipes. Most of the reported studies on Taylor bubble 

were based on numerical simulations, therefore the present investigation fills a gap in the literature 

due to its analytical nature. 
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2. Theoretical Analysis 

2.1 Flat-ended Bubble with 𝑪𝒂<0.005 

Klaseboer et al. [11] results showed that Bretherton’s Eq. (3) is applicable at 𝐶𝑎<0.005. The 

volume of liquid displaced by Taylor bubble is given as follows [12] (Figure 1b and Figure 2) 

𝑉1 = 𝜋(𝑅 − 𝑚)2[𝐿𝑔 − (𝑅 − 𝑚)] + (2 3⁄ )𝜋(𝑅 − 𝑚)3 (4) 

The second term here represents the volume of the hemisphere forming the bubble nose. 

For 𝐶𝑎<0.005, Eq. (3) gives very small values of the liquid layer (m), hence we may say that 

(𝑅 − 𝑚) ≈ 𝑅, and Eq. (4) becomes the following 

𝑉1 = 𝜋𝑅2[𝐿𝑔 − 𝑅] + (2 3⁄ )𝜋𝑅3 (5) 

e buoyancy force is given by the following 

𝐵 = 𝜌𝑔𝑉1 (6) 

The classical definition of the drag force on the surface of the bubble or any other object in the 

flow field, allows us to write the drag as follows 

𝐷 = 0.5𝜌𝑈2𝜋(𝑅 − 𝑚)2𝐶𝐷 (7) 

For small values of 𝑚 as stated earlier, this equation becomes the following 

𝐷 = 0.5𝜌𝑈2𝜋𝑅2𝐶𝐷 (8) 

Under steady rise of the Taylor bubble, the buoyancy force becomes equal to the buoyancy force, 

particularly when the bubble weight is neglected as it is too small to affect the equality between 

drag and buoyancy. Accordingly Eq. (6) is equal to Eq. (8) and we get the following 

𝜌𝑔𝑉1 = 0.5𝜌𝑈2𝜋𝑅2𝐶𝐷 (9) 

From this equation, the drag coefficient becomes  

𝐶𝐷 =
𝜌𝑔𝑉1

0.5𝜌𝑈2𝜋𝑅2
(10) 

Substituting Eqs. (1) and (5) into this equation and simplifying, we get the following 

𝐶𝐷 = 8.16
𝐿𝑔

𝑅
− 2.72 (11) 

This equation represents the drag coefficient of a flat-ended Taylor bubble rising in a tube of 

radius 𝑅.  
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2.2 Round-ended Bubble with 𝑪𝒂<0.005 

The volume of the bubble in this case (Figure 1a) becomes the following 

𝑉2 = 𝜋(𝑅 − 𝑚)2[𝐿𝑔 − 2(𝑅 − 𝑚)] + (4 3⁄ )𝜋(𝑅 − 𝑚)3 (12) 

By applying the same procedure as that of Section 2.1, we get the following 

𝐶𝐷 = 8.16
𝐿𝑔

𝑅
− 5.44 (13) 

2.3 Flat-ended Bubble with 𝑪𝒂>2 

According to Klaseboer et al. [11] the liquid layer around the cylindrical portion of Taylor bubble 

may reach (≈ 1/3) of the tube radius at 𝐶𝑎>2 (see their Figure 3b). Therefore, (𝑅 − 𝑚) ≈ 𝑅 −

(1 3⁄ )𝑅 = (2 3⁄ )𝑅. In this case, the bubble volume becomes the following 

𝑉3 = 𝜋((2 3⁄ )𝑅)
2

[𝐿𝑔 − (2 3⁄ )𝑅] + (2 3⁄ )𝜋((2 3⁄ )𝑅)
3

(14) 

By applying the same procedure as that of Section 2.1, we get the following 

𝐶𝐷 = 8.16
𝐿𝑔

𝑅
− 1.812 (15) 

2.4 Round-ended Bubble with 𝑪𝒂>2 

Equation (12) is used in the equality of drag to buoyancy as done before, but with (𝑅 − 𝑚) ≈

𝑅 − (1 3⁄ )𝑅 = (2 3⁄ )𝑅 to get the following 

𝐶𝐷 = 8.16
𝐿𝑔

𝑅
− 3.628 (16) 

2.5 Flat-ended Bubble with 0.005<𝑪𝒂<2 

With reference to Figure 3b of Klaseboer et al. [11], we may choose any value of Ca within the 

above range, say Ca=0.5, hence 𝑚/𝑅=0.22 and (𝑅 − 𝑚) = 0.78𝑅. This value may be substituted 

into Eq. (14) to get the following 

𝑉4 = 𝜋(0.78𝑅)2[𝐿𝑔 − (0.78)𝑅] + (2 3⁄ )𝜋(0.78𝑅)3 (17) 

By applying the same procedure as that of Section 2.1, we get the following 

𝐶𝐷 = 8.16
𝐿𝑔

𝑅
− 0.918 (18) 

By adopting the procedure mentioned above, we should be able to get a range of drag 

coefficients covering the range of Ca mentioned above for both types of Taylor bubbles of Figure 1. 

Figure 3 shows the variation of the drag coefficient versus the ratio 𝐿𝑔/𝑅 for Eqs. (11), (13), (15), 

and (16). 
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Figure 3 The variation of the drag coefficient versus the ratio 𝐿𝑔/𝑅 for the following: red 

Eq. (15); blue Eq. (11); violet Eq. (16); and green Eq. (13). 

Figure 3 shows that the stream-lined round-ended bubbles of Figure 1a (Eqs. (13) and (16)) 

encounter less resistance during its upward rise in the pipe, hence the drag coefficients are smaller 

than those of the flat-ended bubbles of Figure 1b (Eqs. (11) and (15)). 

2.6 𝑪𝑫 as a Function of Gas Volume Fraction 

In two-phase flow, engineers prefer the dependence of the 𝐶𝐷 on volume fraction 𝛼 that can be 

obtained as follows (Figure 2) 

𝛼 =
𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑇𝑎𝑦𝑙𝑜𝑟 𝑏𝑢𝑏𝑏𝑙𝑒

𝑇𝑜𝑡𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑏𝑢𝑏𝑏𝑙𝑒 𝑎𝑛𝑑 𝑙𝑖𝑞𝑢𝑖𝑑 𝑠𝑙𝑢𝑔
(19) 

This ratio is done on a finite length along the pipeline, in this case [𝐿𝑔 + 𝐿𝑓]. 

2.6.1 𝐶𝐷 at 𝐶𝑎>2 for Flat-ended Bubble 

Following Figure 2 and substituting Eq. (14) into (19) yields 

𝛼 =
𝜋((2 3⁄ )𝑅)

2
[𝐿𝑔 − (2 3⁄ )𝑅] + (2 3⁄ )𝜋[(2 3⁄ )𝑅]3

𝜋𝑅2[𝐿𝑔 + 𝐿𝑓]
(20) 

Further simplification of this equation gives 

𝛼 =
(4 9⁄ )[𝐿𝑔 − (2 3⁄ )𝑅] + (16 81⁄ )𝑅

[𝐿𝑔 + 𝐿𝑓]
(21) 
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This equation gives the ratio 
𝐿𝑔

𝑅
 needed in our 𝐶𝐷 Eq. (15) as follows 

𝐿𝑔

𝑅
=

−𝛼 (
𝐿𝑓

𝑅
) − (8 81⁄ )

𝛼 − (4 9⁄ )
(22) 

To get positive values of 
𝐿𝑔

𝑅
, 𝛼<(4 9⁄ ) 

Akagawa et al. [17] developed the following correlation for the length of the liquid slug 

𝐿𝑓 = 1.0 (0.001𝐿𝑔
0.55 + 0.093𝐿𝑔

−0.52)⁄ (23) 

where 𝐿𝑓 and 𝐿𝑔 are in centimeters. Substituting this equation into Eq. (21) yields the following 

𝛼 =
(4 9⁄ )[𝐿𝑔 − (2 3⁄ )𝑅] + (16 81⁄ )𝑅

[𝐿𝑔 + (1.0 (0.001𝐿𝑔
0.55 + 0.093𝐿𝑔

−0.52)⁄ )]
(24) 

The adoption of Akagawa et al.’s [17] correlation made us use the centimeter dimension for 𝐿𝑔, 

𝐿𝑓 and 𝑅. Assuming 𝑅=2.54 cm, the above equation becomes the following 

𝛼 =
(4 9⁄ )𝐿𝑔 − 0.249

[𝐿𝑔 + (1.0 (0.001𝐿𝑔
0.55 + 0.093𝐿𝑔

−0.52)⁄  )]
(25) 

A range of values of 𝐿𝑔 was used in this equation to get multiple values of 𝛼 that were plotted 

and shown in Figure 4. This plot is useful for engineering applications, particularly where transparent 

pipes are used. A measure of the bubble length will be conducive to the local value of the volume 

fraction with the help of this plot for R = 2.54 cm and Ca>2. We cannot go beyond the indicated 

range of 𝛼 (0.25-0.) because Taylor bubbles tend to coalesce and form annular flow in pipes (Delfos 

et al. [18]).  

 

Figure 4 Gas volume fraction vs. bubble length for R=2.54 cm and Ca>2. 
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Substituting Eq. (22) into Eq. (15) to obtain 𝐶𝐷 as follows 

𝐶𝐷 = 8.16 (
−𝛼 (

𝐿𝑓

𝑅 ) − (8 81⁄ )

𝛼 − (4 9⁄ )
) − 1.812 (26) 

Values of 𝛼 are obtained from Eq. (25) and plugged into this equation to get 𝐶𝐷 as shown by the 

blue curve in Figure 5. 

 

Figure 5 Drag coefficient vs. volume fraction for R = 2.54 cm and Ca>2; Blue for flat-

ended bubble (Eq. 26) and red for round-ended bubble (Eq. (30)).  

2.6.2 CD at Ca>2 for Round-ended Bubble 

In this case we substitute eq. (12) into eq. (19) to get the following 

𝛼 =
𝜋(𝑅 − 𝑚)2[𝐿𝑔 − 2(𝑅 − 𝑚)] + (

4
3) 𝜋[(𝑅 − 𝑚)]3

𝜋𝑅2[𝐿𝑔 + 𝐿𝑓]
(27) 

For (𝑅 − 𝑚) ≈ 𝑅 − (1 3⁄ )𝑅 = (2 3⁄ )𝑅, this equation becomes the following 

𝛼 =
(4 9⁄ )[𝐿𝑔 − (2 3⁄ )𝑅] + (32 81⁄ )𝑅

[𝐿𝑔 + 𝐿𝑓]
(28) 

This equation gives the ratio 
𝐿𝑔

𝑅
 needed in our 𝐶𝐷 Eq. (16) as follows 

𝐿𝑔

𝑅
=

(8 81⁄ ) − 𝛼 (
𝐿𝑓

𝑅 )

𝛼 − (4 9⁄ )
(29) 

Here also we employ Akagawa et al.’s [17] Eq. (23) and for 𝑅 = 2.54 cm, Eq. (28) becomes the 

following  
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𝛼 =
(4 9⁄ )𝐿𝑔 + 0.2509

[𝐿𝑔 + (1.0 (0.001𝐿𝑔
0.55 + 0.093𝐿𝑔

−0.52)⁄ )]
(30) 

We apply Eq. (16) to get 𝐶𝐷 as function of 𝛼 as follows 

𝐶𝐷 = 8.16 (
(8 81⁄ ) − 𝛼 (

𝐿𝑓

𝑅 )

𝛼 − (4 9⁄ )
) − 3.628 (31) 

Values of 𝛼 are obtained from Eq. (25) and plugged into this equation to get 𝐶𝐷 as shown by the 

red curve in Figure 5. Notice the smaller values of 𝐶𝐷 for the stream-lined round-ended bubble as 

compared to those of the flat-ended ones. 

3. Discussion 

The case of the rise of Taylor bubble in pipe is akin to the rise of the spherical-cap bubble in 

liquids under gravity. In both cases the bubble rise velocity is independent of liquid viscosity. For 

Reynolds number >100, the drag coefficient value approaches CD = 2.7, a value was obtained by 

many authors (e.g. Wegener and Parlange [19] and Joseph [20]). 

Both the present results of the drag coefficient and that of Ishii and Mishima [5] are independent 

of liquid viscosity. There is a fundamental difference between the present results and that of Ishii 

and Mishima [5]. In the present results, the drag coefficient increases with the volume fraction 

contrary to that of Ishii and Mishima [5]. They attributed the decrease of the drag coefficient with 

respect to void fraction (See their Equation (2) above) as due to the entrainment of the small 

spherical bubbles in the wake of Taylor bubble. The present author did not consider the drag on 

these small bubbles, simply because their number is an ambiguity.  

Kawaji et al. [21] and Tudose [22] obtained experimental drag data on a 23.4 mm diameter 

simulated flat-ended Taylor bubble made up from solid plastic and placed in a 25.6 mm inside 

diameter tube. Load cells were used to measure the drag forces on the surfaces of the solid 

simulated Taylor bubble. Two different lengths of 7.5 cm and 15 cm simulated Taylor bubbles were 

used. From the above data we calculated a liquid layer thickness of 0.11 cm, hence we get 

(𝑅 − 𝑚) = 0.9141𝑅. By following the method of calculation shown in section 2.5 we get the CD 

results shown by Table 1. We should not expect close agreement due to the fact that the drag on a 

solid surface used by Tudose [22] is certainly greater than that on a bubble surface, but an 

agreement is existed when both Tudose [22] and us got greater 𝐶𝐷 for larger bubble length. 

Table 1 Comparison with the experimental data of Tudose [22]. 

𝐿𝑔, cm 𝐿𝑔

𝑅
 

Calculated 𝐶𝐷 Experimental 𝐶𝐷 

7.5 5.86 36.33 66.7 (Figure 5.2.5) 

15 11.72 77.8 137 (Figure A.1.4) 
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Delfos et al. [18] produced a stationary Taylor bubble by introducing controlled amount of air 

into a down flow of water in pipe. They used two different grids to control the turbulence in the 

liquid flow. Grid B is at higher Reynolds number than grid A. Our results are compared with Delfos 

et al.’s [18] in Figure 6 where the agreement was not close but the trend is there, may be due to the 

indirect prediction of the volume fraction rather than direct measurement.  

 

Figure 6 Comparison with the experimental data of Delfos et al. [18]. The continuous 

line is the present prediction.  

4. Conclusions 

Analytical solutions were obtained for the drag coefficients of a Taylor bubble rising in stagnant 

liquid in cylindrical pipes. The solution was based on a drag-buoyancy equality model. The derived 

drag coefficient equations were independent of liquid viscosity, but there are borders of 

applicability with viscosity dependence shown by the ranges of the capillary numbers used. The 

derived drag coefficient equations were functions of the geometry of the Taylor bubble and the gas 

volume fraction. The solutions were applicable at a wide range of Capillary numbers. The solution 

was validated by comparison with experimental data of other investigators.  
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